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Definitions

• We consider G a graph with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn.

• We let ∥G∥∗ := |λ1| + |λ2| + · · · + |λn| be the energy of the graph G .
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Extremal properties of some graphs

• We have
λ1 ≤ n − 1; |λn| ≤

√
m; ∥G∥∗ ≤

√
2mn.

• These inequalities are sharp and uniquely saturated by the

complete graph Kn; complete bipartite
graph Kr,s ;

perfect matching
graph Mn.

• Their spectrum are respectively

(n − 1, −1, . . . , −1); (
√

rs, 0, . . . , 0, −
√

rs); (1, . . . , 1, −1, . . . , −1).
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How balanced are these spectrum?

Question
Can we measure how balanced these spectrums are, and what does it
reveal about the graph?
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Majorization

Definition
Let x↓

1 ≥ · · · ≥ x↓
n be the decreasing rearrangement of the entries of

x = (x1, . . . , xn), and let x↓ = (x↓
1 , . . . , x↓

n ). Then y is majorized by x, and
we write y ≺ x, if

k∑
j=1

y↓
j ≤

k∑
j=1

x↓
j , k = 1, 2, . . . , n,

with equality when k = n.

Example (
1
n , . . . , 1

n

)
≺ (a1, . . . , an) ≺ (1, 0, . . . , 0)

for all aj ≥ 0 (1 ≤ j ≤ n) such that
∑n

j=1 aj = 1.
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Majorization order on the extremal graphs

Lemma (B.–Chávez–Sheng; 2026+)
Let G be a simple graph of order n with eigenvalues λ = (λ1, . . . , λn). Let

• µ = (n − 1, −1, . . . , −1);
• ν = (

√
rs, 0, . . . , 0, −

√
rs) for real numbers r , s > 0;

• w = (1, . . . , 1, −1, . . . , −1) if n is even.
Then,

λ1
n − 1 µ ≺ λ ≺ |λn|µ and |λn|√

rs ν ≺ λ ≺ ∥G∥∗
2
√

rs ν.

Moreover, if G is bipartite and n is even, then

∥G∥∗
n w ≺ λ ≺ λ1w .

Ludovick Bouthat (ULaval) Spectral Inequalities for Graphs via Majorization and Schur-Convexity August 7, 2026 6 / 17



Definitions and Observations First Results Random Vector Norms Various Distributions

Schur-convex Functions

Definitions
A function φ : Rn → R is Schur-convex if φ(x) ≤ φ(y) for all x, y ∈ Rn

such that x ≺ y .

Properties
• Every function that is convex and symmetric is also Schur-convex.
• Every Schur-convex function is symmetric, but not necessarily convex.
• If f is symmetric and all first partial derivatives exist, then f is

Schur-convex if and only if

(xi − xj)
(

∂f
∂xi

− ∂f
∂xj

)
≥ 0 for all x ∈ Rn

and all 1 ≤ i , j ≤ n.
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A family of inequalities

Theorem (B.–Chávez–Sheng; 2026+)
Let G be a simple graph of order n with eigenvalues λ = (λ1, . . . , λn), and
let φ be a positive homogeneous function on graphs which is Schur-convex
relative to its eigenvalues. Then, for all integers r , s > 0 such that
r + s = n,

λ1
n − 1 ≤ φ(G)

φ(Kn) ≤ |λn| ≤
√

rsφ(G)
φ(Kr ,s)

≤ ∥G∥∗
2 .

Moreover, if G is bipartite and n is even, then we further have

∥G∥∗
n ≤ φ(G)

φ(Mn) ≤ λ1 ≤
√

rsφ(G)
φ(Kr ,s)

≤ ∥G∥∗
2 .
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Application to the Schatten p-norms

Corollary (B.–Chávez–Sheng; 2026+)
Let G be a simple graph of order n with eigenvalues λ = (λ1, . . . , λn).
Then, for all even d ≥ 2,

λd
1

(n − 1)d ≤ cd(G)
(n − 1)d + n − 1 ≤ |λn|d ≤ cd(G)

2 ≤ ∥G∥d
∗

2d .

Moreover, if G is bipartite and n is even, then we further have

∥G∥d
∗

nd ≤ cd(G)
n ≤ λd

1 ≤ cd(G)
2 ≤ ∥G∥d

∗
2d .
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The Random vector norms

Theorem (Chávez–Garcia–Hurley; 2023)
Suppose that

1 d ≥ 1;

2 X = (X1, X2, . . . , Xn), where X1, X2, . . . , Xn ∈ Ld(Ω, F , P) are
independent and identically distributed (iid) random variables;

3 λ is the vector of eigenvalues of the matrix A.

Then

∥A∥X,d := E
[
|λ1X1 + λ2X2 + · · · + λnXn|d

]1
d

are matrix norms on the space of Hermitian matrices.
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Properties of these norms

Theorem (Chávez–Garcia–Hurley; 2023)
Under the previous hypothesis,

1 ∥UZU∗∥X,d = ∥Z∥X,d for any unitary matrix U;
2 ∥Z∥X,d is continuous relative to d;
3 ∥Z∥X,d1 ≤ ∥Z∥X,d2 if d1 ≤ d2;

4 ∥Z1∥X,d ≤ ∥Z2∥X,d if λ(Z1) ≺ λ(Z2);
5 If d ≥ 2 is even, X has the cumulant sequence κ1, κ2, . . . , and G is a

graph of order n with ck closed walks of length k, then

∥G∥d
X ,d =

∑
π⊢d

κπ

yπ
cπ,

where yπ :=
∏

i≥1(i!)mi mi !, κπ := κπ1 · · · κπℓ
and cπ := cπ1 · · · cπℓ

.
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Optimal bounds when d ≤ 4

Theorem (B.–Chávez–Sheng; 2026+)
Let G be a simple graph of order n with eigenvalues λ = (λ1, . . . , λn).
Then

1 λ4
1 ≤ c4

1+(n−1)−3 ,

2 8c4 + 6(c2
2 − 2c4)+ ≤ ∥G∥4

∗,

3
3c2

2 −2c4
n(n−1)(n2+3n−6) ≤ λ4

n ≤ 4c4−3(2c4−c2
2 )+

8 ,

Moreover, if G is bipartite and n is even, then we further have
1 c4

2⌊n/2⌋ ≤ λ4
1 ≤ 4c4−3(2c4−c2

2 )+
8 ,

2 8c4 + 6(c2
2 − 2c4)+ ≤ ∥G∥4

∗ ≤ n3(3c2
2 −2c4)

3n−2 .
The inequalities are best possible among the random vector norms with
d ∈ {2, 4}.
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Some applications

Corollary (B.–Chávez–Sheng; 2026+)
Let G be a connected graph of order n with m edges and q squares. Then
the extremal eigenvalues of G satisfy the following sharp bounds:
4
(
m(3m + 1) − n(2m − n + 1) − 4q

)
n(n − 1)(n2 + 3n − 6) ≤ λ4

n ≤ λ4
1 ≤ 8q − 2m + 2n(2m − n + 1)

1 + (n − 1)−3 .

Corollary (B.–Chávez–Sheng; 2026+)
Let B be a square-free bipartite graph of order n with m edges. The
spectral radius of B satisfies the following bound, which is attained by Sn:

λ1 ≤ 4
√

n(n − 1) − m.
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Standard exponential distribution

Theorem (B.–Chávez–Sheng; 2026+)
Suppose d ≥ 2 is even and B is a bipartite graph of order n with m edges
and spectral radius λ1. Then we have the bound

cd ≥
(

2m
λ2

1
+ d − d

(d
2 )!

(m
λ2

1

)( d
2 )
)

λd
1 ,

which is attained by any complete bipartite graph.
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Uniform distribution on [−1, 1]

Theorem (B.–Chávez–Sheng; 2026+)
Let G be a simple graph of order n with m edges. If G has either (a) no
triangle or (b) no square and m ≥ 9, then

4c6 + 34m3 ≥ 21mc4.

Moreover, equality is realized by any complete bipartite graph.
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Open Questions

(i) Determine the optimal distributions for higher values of d .

(ii) Clarify how much the Rademacher and Schatten norms continue to
play an important extremal role in higher degree.

(iii) Find further positive Schur-convex functions for which the framework
produces explicit sharp structural inequalities.

(iv) Find whether or not this technique can be used by beginning with
spectrum other than Kn, Kr ,s and Mn.

(v) Find ways, if possible, to use this technique on connected graphs to
get sharper results.
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