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A stochastic matrix is a nonnegative matrix whose rows sum to one. The spectral theory of such matrices
has been extensively developed, largely because of their importance in Markov chain theory. One may
study individual eigenvalues, leading to the classical Karpelevich description of the possible eigenvalue
regions, or study the spectrum as a whole, an approach connected with inverse eigenvalue problems and
results such as the Johnson-Loewy-London inequalities.

Similar questions have been considered for various subclasses of stochastic matrices, including doubly
stochastic matrices. The present paper deals with monotone stochastic matrices in the sense of Daley,
namely stochastic matrices M = (m,;) satisfying

n n
Zmlj > kaj, >k, r=1,...,n.
j=r j=r

In other words, the cumulative tail sums of the rows increase from top to bottom.

The main tool is the associated dominance matrix, a nonnegative matrix of order one less than the original
matrix whose spectrum consists precisely of the nontrivial eigenvalues of the monotone matrix. The
authors establish several basic properties of dominance matrices and characterize those 2 x 2 nonnegative
matrices that arise from 3 x 3 monotone stochastic matrices.

They then determine completely the eigenvalue regions =, for n = 1,2, 3, proving that
B = {1}7 Hy = [Oa 1]7 and E3 = [_1/23 1]
Explicit realizing matrices are given in each case. These regions are strictly smaller than the corresponding

Karpelevich regions for general stochastic matrices.

The paper also describes all possible pairs of nontrivial eigenvalues of a 3 x 3 monotone stochastic matrix
by determining the boundary of the corresponding realization region and providing realizing matrices.
Finally, it is shown that for every n > 3, the eigenvalue region of n X n monotone stochastic matrices is
contained in the Karpelevich region of (n — 1) x (n — 1) stochastic matrices.

Reviewer: Frédéric Morneau-Guérin (Québec)

MSC:

15B51  Stochastic matrices

15A18 Eigenvalues, singular values, and eigenvectors
15A29 Inverse problems in linear algebra

15A42 Inequalities involving eigenvalues and eigenvectors

Keywords:

stochastic matrices; monotone stochastic matrices; eigenvalues; spectrum; eigenvalue regions; non-negative
matrices

Full Text: DOI arXiv =

References:

[1] M. Baake and J. Sumner. On equal-input and monotone Markov matrices. Adv. Appl. Prob., 54(2):460-492, 2022. - Zbl
1492.60215

[2] D.J. Bartholomew, A.F. Forbes, and S.I. McClean. Statistical Techniques for Manpower Planning. Second edition. Wiley
Series in Probability and Mathematical Statistics. Wiley, Chichester, New York, 1991.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
(©) 2026 FIZ Karlsruhe GmbH Page 1


https://zbmath.org/
https://zbmath.org/authors/?q=ai:vagenende.brando
https://zbmath.org/authors/?q=ai:verbeken.brecht
https://zbmath.org/authors/?q=ai:guerry.marie-anne
https://zbmath.org/08205034
https://zbmath.org/08205034
https://zbmath.org/journals/?q=se:2229
https://zbmath.org/?q=in:540033
https://zbmath.org/authors/?q=morneau-guerin.frederic
https://zbmath.org/classification/?q=cc:15B51
https://zbmath.org/classification/?q=cc:15A18
https://zbmath.org/classification/?q=cc:15A29
https://zbmath.org/classification/?q=cc:15A42
https://zbmath.org/?q=ut:stochastic+matrices
https://zbmath.org/?q=ut:monotone+stochastic+matrices
https://zbmath.org/?q=ut:eigenvalues
https://zbmath.org/?q=ut:spectrum
https://zbmath.org/?q=ut:eigenvalue+regions
https://zbmath.org/?q=ut:non-negative+matrices
https://zbmath.org/?q=ut:non-negative+matrices
https://dx.doi.org/10.13001/ela.2026.10159
https://arxiv.org/abs/2502.01314
https://zbmath.org/1492.60215
https://zbmath.org/1492.60215
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/

13]
14]

[5]
[6]

7]
(8]

19]
[10]
[11]

12
[13]

(14]
[15]

[16]
[17]

(18]
(19]
[20]

21]

J. Conlisk. Monotone mobility matrices. J. Math. Sociol., 15(3-4):173-191, 1990. - Zbl 0705.60060

D.J. Daley. Stochastically monotone markov chains. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 10(4):305-317, 1968. -
Zbl 0177.45604

F. Delbianco, A. Fioriti, and F. Tohmé. Markov chains, eigenvalues and the stability of economic growth processes. Empir.
Econ., 64(3):1347-1373, 2023.

N.A. Dmitriev and E.B. Dynkin. Eleven Papers Translated from the Russian: Characteristic Roots of Stochastic Matrices,
vol. 140. Series 2. American Mathematical Society Translations, Providence, Rhode Island (USA), 1988. - Zbl 0658.15023

M. Domka and W. Mitkowski. On spectrum of metzler matrices. Prz. Elektrotech., 98(12), 2022.

M.-A. Guerry. On monotone Markov chains and properties of monotone matrix roots. Spec. Matrices, 11(1):20220172, 2022.
- Zbl 1514.15045

R.A. Jarrow, D. Lando, and S.M. Turnbull. A Markov model for the term structure of credit risk spreads. Rev. Finan. Stud.,
10(2):481-523, 1997.

C. Johnson and P. Paparella. Perron similarities and the nonnegative inverse eigenvalue problem. Trans. Amer. Math. Soc.,
378(12):8361-8389, 2025. - Zbl 1578.15015

F.I. Karpelevich. Eleven Papers Translated from the Russian: On Characteristic Roots of Matrices with Nonnegative Elements,
vol. 140. Series 2. American Mathematical Society Translations, Providence, Rhode Island (USA), 1988. - Zbl 0658.15022

S. Kirkland. An eigenvalue region for Leslie matrices. STAM J. Matrix Anal. Appl., 13(2):507-529, 1992. - Zbl 0749.15004

R. Loewy and D. London. A note on an inverse problem for nonnegative matrices. Linear Multilinear Algebra, 6(1):83-90,
1978. - Zbl 0376.15006

J. Mashreghi and R. Rivard. On a conjecture about the eigenvalues of doubly stochastic matrices. Linear Multilinear Algebra,
55(5):491-498, 2007. - Zbl 1155.15024

C.D. Meyer, H. Schmeider, et al. Applied Linear Algebra and Matrix Analysis. SIAM, Philadelphia, PA, USA, 2000. - Zbl
0962.15001

H. Minc. Nonnegative Matrices, vol. 170. Wiley, New York, 1988. - Zbl 0638.15008

S.U. Pillai, T. Suel, and S. Cha. The Perron-Frobenius theorem: Some of its applications. IEEE Sig. Process. Mag., 22(2):62-75,
2005.

D. Racoceanu, A. Elmoudni, M. Ferney, and S. Zerhouni. On a new method of Markov chain reduction. Math. Model. Syst.,
1(3):199-229, 1995. - Zbl 0838.60066

E. Seneta. Non-negative Matrices: An Introduction to Theory and Applications, George Allen & Unwin, London, United
Kingdom, 1973. - Zbl 0278.15011

H.R. Suleimanova. Stochastic matrices with real characteristic values. In: Dokl. Akad. Nauk SSSR, vol. 66, 343-345, Russian
Academy of Sciences (via the journal Doklady Akademii Nauk SSSR), Moscow, USSR (now Russia), 1949. - Zbl 0035.20903

B. Vagenende, B. Verbeken, and M.-A. Guerry. Star-convexity of the eigenvalue regions for stochastic matrices and certain
subclasses. Mathematics, 13(12):1-10, 2025.

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items are heuristically
matched to zbMATH identifiers and may contain data conversion errors. In some cases that data have been complemented /enhanced
by data from zbMATH Open. This attempts to reflect the references listed in the original paper as accurately as possible without
claiming completeness or a perfect matching.

Edited by FIZ Karlsruhe, the European Mathematical Society and the Heidelberg Academy of Sciences and Humanities
(©) 2026 FIZ Karlsruhe GmbH Page 2


https://zbmath.org/0705.60060
https://zbmath.org/0177.45604
https://zbmath.org/0658.15023
https://zbmath.org/1514.15045
https://zbmath.org/1578.15015
https://zbmath.org/0658.15022
https://zbmath.org/0749.15004
https://zbmath.org/0376.15006
https://zbmath.org/1155.15024
https://zbmath.org/0962.15001
https://zbmath.org/0962.15001
https://zbmath.org/0638.15008
https://zbmath.org/0838.60066
https://zbmath.org/0278.15011
https://zbmath.org/0035.20903
https://www.fiz-karlsruhe.de/
http://www.euro-math-soc.eu/
https://www.hadw-bw.de/

