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Hilbert's inequality Hardy's inequality
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Motivation

Weighted Dirichlet spaces

Definition
Let D be the open unit disk and Hol(ID) be the set of holomorphic

functions on . Let w be a positive superharmonic function on D and
f € Hol(DD). We define

Du(f) == /D 1F1(2) P(2)dA(2),

where dA denotes the normalized area measure on . The weighted
Dirichlet space D,, is the set of functions f € Hol(ID) such that
D, (f) < 0.
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Motivation

Hadamard multipliers

Definition

Let £(2) := > 72, akzX and g(z) := >_3%, bkz* be two formal power
series. Their Hadamard product is defined to be

(fxg)(z):= Zakbkzk.
k=0

The Hadamard mulipliers of D, are the formal power series h that have
the property that hx f € D,, for each f € D,,.
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Motivation

Characterization of the Hadamard multipliers of D,,

Theorem (Mashreghi, Ransford ; 2019)

Let h(z) be a formal power series. The following statements are equivalent.
(i) h is an Hadamard multiplier of D, for every superharmonic weight w.
(i) The L-matrix [h; — h;;1] acts as a bounded operator on (2.

Let (a,) be a sequence of complex number. An L-matrix is an infinite
matrix of the form

dyp d1 4dz2 as
dy d1 a2 as
A = [an] = |9 a2 a» a3
a3 az 43 a3
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A partial characterization

Theorem (B., Mashreghi; 2019)

Let A = [ap] be a positive L-matrix. The condition a, = O (1/n%) is
® necessary If o = % o
® nor necessary, nor sufficient if% <a<l;

o sufficient ifa=1;

for A to act as a bounded operator on (2.
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Theorem (B., Mashreghi; 2019)

Let A = [ap] be a positive L-matrix. The condition a, = O (1/n%) is
® necessary If o = % o
® nor necessary, nor sufficient if% <a<l;

o sufficient ifa=1;

for A to act as a bounded operator on (2.
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A partial characterization

Theorem (B., Mashreghi; 2019)

Let A = [ap] be a positive L-matrix. The condition a, = O (1/n%) is
® necessary If o = % ;
® nor necessary, nor sufficient if % <a<l;

o sufficient ifa=1;

for A to act as a bounded operator on (2.

Consider the sequence agn = % and 0 otherwise. We show that

) 1 4n 2 9]
Z E Z ak| < C Z |an’2'
n=1 k=1 n=1
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Hardy's inequality
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Hardy's inequality

Theorem (Hardy, Riesz; 1920)

If (an) is a sequence of positive numbers and p € (1,00), then

i<a1+az+--~+an>p<< )piap
n ; p n=1 !

n=1

p°
—1
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Hardy's inequality

Theorem (Hardy, Riesz; 1920)

If (an) is a sequence of positive numbers and p € (1,00), then

n APl n:ln

n=1

Theorem (E. Landau; 1926)

If (an) is a sequence of positive numbers and p € (1,00), then

i(a1+azv;-~+an) ( )pni:;a

n=1

Moreover, the constant (p—fl)p is optimal.
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A direct comparison

Hardy's inequality (p = 2)

(0.0) 1 n 2 (0.)

S 1P < € lak

n=1 k=1 n=1 )
Our inequality

00 1 4n 2 00

D an| 2| < €Dl

n=1 k=1 n=1
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The main goal

Hardy's inequality
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The main goal

Our inequality

N, : Indices sets.
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Definitions
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The main goal

Our inequality

N, : Indices sets.

my : Individual weights of the sequence a,.
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Definitions
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The main goal

Our inequality

> |o S mear| < czw

n=1 keN,

N, : Indices sets.
my : Individual weights of the sequence (a,).

M, : Overall weights of the sequence (a,).
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Definitions

Summation indices

® let N= Ny UN>U--- be a block partition of N.
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Definitions

Summation indices

® let N= Ny UN>U--- be a block partition of N.
o let NVy:i=NUNU---UN,.
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Definitions
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Definitions

Summation indices

® let N= Ny UN>U--- be a block partition of N.
o let NVy:i=NUNU---UN,.

Observation : N1 T N> T N3 C ---
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Definitions
Weights

oeN=NMUMU:--- e Ny :=NUMNU---UN,

® (mp)n>1 is a sequence of positive numbers (individual weights).
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Definitions
Weights

oeN=NMUMU:--- e Ny :=NUMNU---UN,

® (mp)n>1 is a sequence of positive numbers (individual weights).

1/q
° w,:= < Z mZ) (block weights).

keN,

Ludovick Bouthat (Université Laval) | Hardy-type Inequalities for ¢P sequences OAFS 2025



Definitions
Weights

o N=NUNU--- .

hi=NiUNU---UN,

® (mp)n>1 is a sequence of positive numbers (individual weights).

1/q
°* w, < Z mZ) (block weights).
keN,
° M, = Z wy (overall weights).

k=1
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Definitions
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Definitions
Weights

o N=NUNU--- .

hi=NiUNU---UN,

® (mp)n>1 is a sequence of positive numbers (individual weights).

1/q
° w,:= < Z mZ) (block weights).

keN,

n
° M, = Z wy (overall weights).
k=1
— 1
° sup | w, —
o=sn(m )
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Generalizations
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Main result

eN=NUNU:-- e N, =NU---UN, e (my) is a sequence of positive numbers
1

own = (Y ren, M) 9 oM, = SR Wk ® pi=5sUp,> (W,, > ksn l/Mk)
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Generalizations

[ Jelele]

Main result
eN=NUNU:-- e N, =N U---UN, e (my) is a sequence of positive numbers
own = (Y sen, mZ)l/q o My:=3 7 1wk ® pi=5sUp,> (W,, > ksn l/Mk)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers, and let (m,),>1 be a
sequence of weights. Define M,, and p as above, and assume that p is
finite. Then, for p > 1,

o0
Z Z mgag| < pZ]anV’

n=1 kENn
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Main result
eN=NUMNU- e N, =N U---UN, . (m,,) is a sequence of posmve numbers
1/q n \
ow, = m . : w, ® p:=sup - 1/M,
n = (Cen, k) =1 Wk P = SUPa> /\k)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers, and let (m,),>1 be a
sequence of weights. Define M,, and p as above, and assume that p is
finite. Then, for p > 1,

o0
Z Z mgag| < pZ]anV’

n=1 kENn
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Generalizations
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eN=NUNU:-- e N, =N U---UN, e (my) is a sequence of positive numbers
) e T
o Wh = (ZkeNn my) e ® ; f=1 Wk e p ::jL,‘Bné?(?WiFg%ml\/Mk)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers, and let (m,),>1 and
(Mp)n>1 be two sequences of weights. If p > 1 and

00 -1
(w1 + -+ wy)P
p = sup | w
n>1 "kz_: My
=n
is finite, then

1

Sl 5 marl < 0 Sloe

n=1 keN,
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Example

eN=NUNU:-- e N, =N U---UN, e (my) is a sequence of positive numbers
1
ow, = (ZkeNan) /a . > Wi ® pi=sup,s N l/Mk)

If N, = {n}, m, =1 and M, = n'*¢ (¢ > 0) for all n > 1, then
e N,={1,2,...,n};

[ ] Wn:]_,

(o)
1
® p—su < (1 + pe) < 0.
P n>f;k§_nk1+ps C(1 + pe)
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Generalizations
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Example

eN=NUNU:-- e N, =N U---UN, e (my) is a sequence of positive numbers
1
ow, = (ZkeNan) /a . > Wi ® pi=sup,s N l/Mk)

If N, = {n}, m, =1 and M, = n'*¢ (¢ > 0) for all n > 1, then
e N,={1,2,...,n};

[ ] Wn:]_,

(o)
1
® p—su < (1 + pe) < 0.
P n>f;k§_nk1+ps C(1 + pe)

00 o 4 s P 00
I
= Z Tn < (1 + pe) Z’an|p'

n=1 n=1
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Corollaries

An application to lacunary sequences

Corollary (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers, and let (ny)i>1 be a
lacunary sequence satisfying "2 > r (k > 1). If p > 1, then
k

rl/q P oo

[e’e} 1 Ny P
Z WZQJ < m Z’an|p.

k=11 j=1 n=1
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Corollaries

An extreme case : Geometric sequences

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers and let b > 2 be an
integer. Then

0 bk 2 \/>1 )
kz z *zm

Vb+1

Moreover, the constant = is optimal and the above inequality is strict,

except if (an)n>1 is the null sequence.
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Corollaries

An extreme case : Geometric sequences

If b =4, then
(9] 1 4" 2 [%9)
S LS a] <35k
n=1 k=1 n=1

Moreover, the constant 3 is optimal.
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Generalization to functions spaces

Theorem (Vincent, Sohani; 2025+)

Let A1, Ay, ... be a partition of R™ such that each A; is measurable. Let
B, =] Ai and let p > 1. For g > 0 defined on R™, let

o= ([ strrar)”

If M,, is a sequence of positive numbers such that

s (Zle Wj)P/q

‘= su
P p MP

< 00,
n—=k
then
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Generalization to functions spaces

Corollary (Vincent, Sohani; 2025+)
For k > 0,

00 kx P p P oo
/ x'( f(t)dt) dx < k™1 (—) / f(x)PxP~"dx,
0 0 r—1) Jo

in which the constant is optimal.
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