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Motivation
Weighted Dirichlet spaces

De�nition

Let D be the open unit disk and Hol(D) be the set of holomorphic

functions on D. Let ω be a positive superharmonic function on D and

f ∈ Hol(D). We de�ne

Dω(f ) :=

∫
D
|f ′(z)|2ω(z)dA(z),

where dA denotes the normalized area measure on D. The weighted

Dirichlet space Dω is the set of functions f ∈ Hol(D) such that

Dω(f ) < ∞.
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Motivation
Hadamard multipliers

De�nition

Let f (z) :=
∑∞

k=0
akz

k and g(z) :=
∑∞

k=0
bkz

k be two formal power

series. Their Hadamard product is de�ned to be

(f ∗ g)(z) :=
∞∑
k=0

akbkz
k .

The Hadamard mulipliers of Dω are the formal power series h that have

the property that h ∗ f ∈ Dω for each f ∈ Dω.
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Motivation
Characterization of the Hadamard multipliers of Dω

Theorem (Mashreghi, Ransford ; 2019)

Let h(z) be a formal power series. The following statements are equivalent.

(i) h is an Hadamard multiplier of Dω for every superharmonic weight ω.
(ii) The L-matrix [hi − hi+1] acts as a bounded operator on ℓ2.

Let (an) be a sequence of complex number. An L-matrix is an in�nite

matrix of the form

A := [an] =


a0 a1 a2 a3 · · ·
a1 a1 a2 a3 · · ·
a2 a2 a2 a3 · · ·
a3 a3 a3 a3 · · ·
...

...
...

...
. . .

 .
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A partial characterization

Theorem (B., Mashreghi ; 2019)

Let A = [an] be a positive L-matrix. The condition an = O (1/nα) is

• necessary if α = 1

2
;

• nor necessary, nor su�cient if 1

2
< α < 1 ;

• su�cient if α = 1 ;

for A to act as a bounded operator on ℓ2.
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A partial characterization

Theorem (B., Mashreghi ; 2019)

Let A = [an] be a positive L-matrix. The condition an = O (1/nα) is

• necessary if α = 1

2
;

• nor necessary, nor su�cient if 1

2
< α < 1 ;

• su�cient if α = 1 ;

for A to act as a bounded operator on ℓ2.

Consider the sequence a4n =
1

2n
, and 0 otherwise. We show that

∞∑
n=1

1

4n

∣∣∣∣∣
4n∑
k=1

ak

∣∣∣∣∣
2

≤ C
∞∑
n=1

|an|2.
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Hardy's inequality

Theorem (Hardy, Riesz ; 1920)

If (an) is a sequence of positive numbers and p ∈ (1,∞), then

∞∑
n=1

(
a1 + a2 + · · ·+ an

n

)p
≤
(

p2

p − 1

)p ∞∑
n=1

apn .

Theorem (E. Landau ; 1926)

If (an) is a sequence of positive numbers and p ∈ (1,∞), then

∞∑
n=1

(
a1 + a2 + · · ·+ an

n

)p
≤
(

p

p − 1

)p ∞∑
n=1

apn .

Moreover, the constant
( p
p−1

)p
is optimal.
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A direct comparison

Hardy's inequality (p = 2)

∞∑
n=1

∣∣∣∣∣1n
n∑

k=1

ak

∣∣∣∣∣
2

≤ C
∞∑
n=1

|an|2.

Our inequality

∞∑
n=1

1

4n

∣∣∣∣∣
4n∑
k=1

ak

∣∣∣∣∣
2

≤ C
∞∑
n=1

|an|2.
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The main goal

Hardy's inequality

∞∑
n=1

∣∣∣∣∣ 1

n

n∑
k=1

1 · ak

∣∣∣∣∣
p

≤ C
∞∑
n=1

|an|p.
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The main goal

Our inequality

∞∑
n=1

∣∣∣∣∣ 1

n

∑
k∈Nn

1 · ak

∣∣∣∣∣
p

≤ C
∞∑
n=1

|an|p.

Nn : Indices sets.
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The main goal

Our inequality

∞∑
n=1

∣∣∣∣∣ 1

n

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ C
∞∑
n=1

|an|p.

Nn : Indices sets.

mk : Individual weights of the sequence an.
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The main goal

Our inequality

∞∑
n=1

∣∣∣∣∣ 1

Mn

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ C
∞∑
n=1

|an|p.

Nn : Indices sets.

mk : Individual weights of the sequence (an).

Mn : Overall weights of the sequence (an).
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De�nitions
Summation indices

• Let N = N1 ∪ N2 ∪ · · · be a block partition of N.

• Let Nn := N1 ∪ N2 ∪ · · · ∪ Nn.

Observation : N1 ⊊ N2 ⊊ N3 ⊊ · · ·
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De�nitions
Weights

•N = N1 ∪ N2 ∪ · · · • Nn := N1 ∪ N2 ∪ · · · ∪ Nn

• (mn)n≥1 is a sequence of positive numbers (individual weights).

• wn :=

( ∑
k∈Nn

mq
k

)1/q
(block weights).

• Mn :=
n∑

k=1

wk (overall weights).

• ρ := sup
n≥1

(
wn

∞∑
k=n

1

Mk

)
.
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Main result

•N = N1 ∪ N2 ∪ · · · • Nn := N1 ∪ · · · ∪ Nn • (mn) is a sequence of positive numbers

•wn :=
(∑

k∈Nn
mq

k

)1/q • Mn :=
∑n

k=1
wk • ρ := supn≥1

(
wn
∑

k≥n 1/Mk

)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers, and let (mn)n≥1 be a

sequence of weights. De�ne Mn and ρ as above, and assume that ρ is

�nite. Then, for p > 1,

∞∑
n=1

∣∣∣∣∣ 1

Mn

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ ρ
∞∑
n=1

|an|p.

Ludovick Bouthat (Université Laval) Hardy-type Inequalities for ℓp sequences OAFS 2025 12 / 20



Hilbert's inequality Hardy's inequality De�nitions Generalizations Applications Recent work

Main result

•N = N1 ∪ N2 ∪ · · · • Nn := N1 ∪ · · · ∪ Nn • (mn) is a sequence of positive numbers

•wn :=
(∑

k∈Nn
mq

k

)1/q • Mn :=
∑n

k=1
wk • ρ := supn≥1

(
wn
∑

k≥n 1/Mk

)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers, and let (mn)n≥1 be a

sequence of weights. De�ne Mn and ρ as above, and assume that ρ is

�nite. Then, for p > 1,

∞∑
n=1

∣∣∣∣∣ 1

Mn

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ ρ

∞∑
n=1

|an|p.

Ludovick Bouthat (Université Laval) Hardy-type Inequalities for ℓp sequences OAFS 2025 12 / 20



Hilbert's inequality Hardy's inequality De�nitions Generalizations Applications Recent work

Main result

•N = N1 ∪ N2 ∪ · · · • Nn := N1 ∪ · · · ∪ Nn • (mn) is a sequence of positive numbers

•wn :=
(∑

k∈Nn
mq

k

)1/q • ((((((((hhhhhhhhMn :=
∑n

k=1
wk •

(((((((((((((((hhhhhhhhhhhhhhh
ρ := supn≥1

(
wn
∑

k≥n 1/Mk

)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers, and let (mn)n≥1 be a

sequence of weights. De�ne Mn and ρ as above, and assume that ρ is

�nite. Then, for p > 1,

∞∑
n=1

∣∣∣∣∣ 1

Mn

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ ρ

∞∑
n=1

|an|p.

Ludovick Bouthat (Université Laval) Hardy-type Inequalities for ℓp sequences OAFS 2025 13 / 20



Hilbert's inequality Hardy's inequality De�nitions Generalizations Applications Recent work

Main result
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mq
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wn
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Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers, and let (mn)n≥1 and

(Mn)n≥1 be two sequences of weights. If p > 1 and

ρ := sup
n≥1

(
wn

∞∑
k=n

(w1 + · · ·+ wk)
p−1

Mp
k

)
is �nite, then

∞∑
n=1

∣∣∣∣∣ 1

Mn

∑
k∈Nn

mkak

∣∣∣∣∣
p

≤ ρ

∞∑
n=1

|an|p.
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Example

•N = N1 ∪ N2 ∪ · · · • Nn := N1 ∪ · · · ∪ Nn • (mn) is a sequence of positive numbers

•wn :=
(∑

k∈Nn
mq

k

)1/q • ((((((((hhhhhhhhMn :=
∑n

k=1
wk •

(((((((((((((((hhhhhhhhhhhhhhh
ρ := supn≥1

(
wn
∑

k≥n 1/Mk

)

Example

If Nn = {n}, mn = 1 and Mn = n1+ε (ε > 0) for all n ≥ 1, then

• Nn = {1, 2, . . . , n} ;
• wn = 1 ;

• ρ = sup
n≥1

∞∑
k=n

1

k1+pε
≤ ζ(1+ pε) < ∞.

=⇒
∞∑
n=1

∣∣∣∣∣a1 + · · ·+ an
n1+ε

∣∣∣∣∣
p

≤ ζ(1+ pε)
∞∑
n=1

|an|p.
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Corollaries
An application to lacunary sequences

Corollary (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers, and let (nk)k≥1 be a

lacunary sequence satisfying
nk+1
nk

≥ r (k ≥ 1). If p > 1, then

∞∑
k=1

∣∣∣∣∣ 1

n
1/q
k

nk∑
j=1

aj

∣∣∣∣∣
p

≤

(
r1/q

r1/q − 1

)p ∞∑
n=1

|an|p.
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Corollaries
An extreme case : Geometric sequences

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n≥1 be a sequence of complex numbers and let b ≥ 2 be an

integer. Then
∞∑
k=1

1

bk

∣∣∣∣∣
bk∑
j=1

aj

∣∣∣∣∣
2

≤
√
b + 1√
b − 1

∞∑
n=1

|an|2.

Moreover, the constant
√
b+1√
b−1

is optimal and the above inequality is strict,

except if (an)n≥1 is the null sequence.
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Corollaries
An extreme case : Geometric sequences

Example

If b = 4, then
∞∑
n=1

1

4n

∣∣∣∣∣
4n∑
k=1

ak

∣∣∣∣∣
2

≤ 3

∞∑
n=1

|an|2.

Moreover, the constant 3 is optimal.
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Generalization to functions spaces

Theorem (Vincent, Sohani ; 2025+)

Let A1,A2, . . . be a partition of Rm such that each Ai is measurable. Let

Bn =
⋃n

i=1
Ai and let p > 1. For g > 0 de�ned on Rm, let

wn =

(∫
An

g(x)q dx

)1/q
.

If Mn is a sequence of positive numbers such that

ρ := sup
k

∞∑
n=k

wk

(∑n
j=1

wj

)p/q
Mp

n
< ∞,

then
∞∑
n=1

∣∣∣∣ 1

Mn

∫
Bn

g(x)f (x) dx

∣∣∣∣p ≤ ρ

∫
Rm

|f (x)|p dx .
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Generalization to functions spaces

Corollary (Vincent, Sohani ; 2025+)

For k ≥ 0,∫ ∞

0

x−r

(∫ kx

0

f (t) dt

)p
dx ≤ k r−1

(
p

r − 1

)p∫ ∞

0

f (x)pxp−r dx ,

in which the constant is optimal.
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