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The purpose of this paper is to highlight the utility of bidiagonal matrices, i.e., matrices of the form

or

and show how factorizations of matrices into bidiagonal factors can be exploited.

Section 1 presents an outline of the paper and briefly summarizes some of the contexts from numerical

linear algebra in which bidiagonal matrices come into play.

Section 2 presents some basic properties of bidiagonal matrices. As an example, the explicit form of the

inverse of upper bidiagonal nonsingular matrices is presented. Estimates of the effect of a componentwise

perturbation of a nonsingular bidiagonal matrix on its inverse are then derived. Various generalization of this

problem are also considered.

In Section 3, we look at the problem of computing, for a given matrix  given in factored form

 where  for all , the exact condition number  without

explicitly forming . The main result of this section provides an answer to the case where the factors are

non-singular bidiagonal matrices either all nonnegative or all exhibiting a checkerboard sign pattern.

Section 4 considers four examples of linear systems of the form  in which  is either a product of

bidiagonal matrices or a product of inverses of bidiagonal matrices: (1) product of bidiagonal matrices; (2)

product of inverses of bidiagonal matrices; (3) some Vandermonde systems; (4) some Pascal systems.
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Here, the emphasis is on what can be said about the backward error and forward error when such a system

is solved in floating-point arithmetic.

In Section 5, it is shown that for a totally nonnegative  matrix ,  can be computed in 

flops, given a factorization of  into a product of bidiagonal matrices and that the computed solution is

highly accurate. The computations are summarized in an algorithm and numerical experiments in MATLAB

are carried out to illustrate the accuracy of the condition number evaluation.

Section 6 explores functions of bidiagonal matrices. In particular, it is shown that the exponential of a totally

nonnegative bidiagonal matrix is totally nonnegative.

Section 7 briefly highlights consequences and observations arising from the fact that upper triangular

Toeplitz matrices can be expressed as a linear combination of upper bidiagonal matrices with a

superdiagonal consisting entirely of 1’s.

Section 8 shows how factorisations involving bidiagonal matrices or their inverses can provide useful

information about certain special matrices, such as the Frank matrix, the Kac-Murdock-Szegö matrix, the

Pascal matrix, and some tridiagonal matrices.

n × n A (A)κ
∞

O( )n
2

A

MSC:
15B05 Toeplitz, Cauchy, and related matrices
15A06 Linear equations (linear algebraic aspects)
15A12 Conditioning of matrices
15A23 Factorization of matrices
65F35 Numerical computation of matrix norms, conditioning, scaling

Keywords:
bidiagonal matrix; totally nonnegative matrix; condition number; matrix function; Vandermonde system;
Toeplitz matrix; Frank matrix; Pascal matrix; Kac-Murdock-Szegö matrix

Software:
anymatrix; LINPACK; advanpix; LAPACK

Cite  Review PDF Full Text: DOI  arXiv  

References:
[1] Lidia Aceto and Isabel Cação. A matrix approach to Sheffer polynomials. J. Math. Anal. Appl.,

446(1):87-100, 2017. · Zbl 1351.11020 · doi:10.1016/j.jmaa.2016.08.038 
[2] Lidia Aceto and Donato Trigiante. The matrices of Pascal and other greats. Amer. Math. Monthly,

108(3):232-245, 2001. · Zbl 1002.15024 · doi:10.1080/00029890.2001.11919745 





Reviewer: Frédéric Morneau-Guérin (Québec)

21/11/2024 14:08 Document Zbl 07935105 - zbMATH Open

https://zbmath.org/7935105 2/5

https://zbmath.org/classification/?q=cc%3A15B05
https://zbmath.org/classification/?q=cc%3A15A06
https://zbmath.org/classification/?q=cc%3A15A12
https://zbmath.org/classification/?q=cc%3A15A23
https://zbmath.org/classification/?q=cc%3A65F35
https://zbmath.org/?q=ut%3Abidiagonal+matrix
https://zbmath.org/?q=ut%3Atotally+nonnegative+matrix
https://zbmath.org/?q=ut%3Acondition+number
https://zbmath.org/?q=ut%3Amatrix+function
https://zbmath.org/?q=ut%3AVandermonde+system
https://zbmath.org/?q=ut%3AToeplitz+matrix
https://zbmath.org/?q=ut%3AFrank+matrix
https://zbmath.org/?q=ut%3APascal+matrix
https://zbmath.org/?q=ut%3AKac-Murdock-Szeg%C3%B6+matrix
https://zbmath.org/software/41518
https://zbmath.org/software/4209
https://zbmath.org/software/7221
https://zbmath.org/software/503
https://zbmath.org/pdf/07935105.pdf
https://doi.org/10.13001/ela.2024.8297
https://arxiv.org/abs/2311.06609
https://zbmath.org/1351.11020
https://doi.org/10.1016/j.jmaa.2016.08.038
https://doi.org/10.1016/j.jmaa.2016.08.038
https://zbmath.org/1002.15024
https://doi.org/10.1080/00029890.2001.11919745
https://doi.org/10.1080/00029890.2001.11919745
https://zbmath.org/authors/?q=rv%3A21090


[3] E. Anderson, Z. Bai, C. H. Bischof, S. Blackford, J. W. Demmel, J. J. Dongarra, J. J. Du Croz, A.
Greenbaum, S. J. Hammarling, A. McKenney, and D. C. Sorensen. LAPACK Users’ Guide. Third
edition. Society for Industrial and Applied Mathematics, Philadelphia, PA, USA, xxvi+407 pp., 1999.
ISBN 0-89871-447-8. · Zbl 0934.65030

[4] Dennis S. Bernstein. Matrix Mathematics: Theory, Facts, and Formulas. Second edition. Princeton
University Press, Princeton, NJ, USA, xxxix+1139 pp., 2009. ISBN 978-0-691-14039-1. ·
Zbl 1183.15001

[5] Åke Björck. Numerical Methods for Least Squares Problems. Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA, xvii+408 pp., 1996 . ISBN 0-89871-360-9. · Zbl 0847.65023 ·
doi:10.1137/1.9781611971484 

[6] Åke Björck and Victor Pereyra. Solution of Vandermonde systems of equations. Math. Comp.,
24(112):893-903, 1970. · Zbl 0221.65054 · doi:10.1090/S0025-5718-1970-0290541-1 

[7] Samuel D. Conte and Carl de Boor. Elementary Numerical Analysis: An Algorithmic Approach. Third
edition. McGraw-Hill, Tokyo, xii+432 pp., 1980 . ISBN 0-07-066228-2. · Zbl 0496.65001

[8] Chandler Davis. Explicit functional calculus. Linear Algebra Appl., 6:193-199, 1973. ·
Zbl 0246.15023 · doi:10.1016/0024-3795(73)90019-0 

[9] Jorge Delgado, Plamen Koev, Ana Marco, José-Javier Martínez, Juan Manuel Peña, Per-Olof
Persson, and Steven Spasov. Bidiagonal decompositions of Vandermonde-type matrices of arbitrary
rank. J. Comput. Appl. Math., 426:115064, 2023. · Zbl 1512.65060 ·
doi:10.1016/j.cam.2023.115064 

[10] James W. Demmel and William Kahan. Accurate singular values of bidiagonal matrices. SIAM J. Sci.
Statist. Comput., 11(5):873-912, 1990. · Zbl 0705.65027 · doi:10.1137/0911052 

[11] Jean Descloux. Bounds for the spectral norm of functions of matrices. Numer. Math., 5(1):185-190,
1963. · Zbl 0114.32303 · doi:10.1007/BF01385889 

[12] J. J. Dongarra, J. R. Bunch, C. B. Moler, and G. W. Stewart. LINPACK Users’ Guide. Society for
Industrial and Applied Mathematics, Philadelphia, PA, USA, 1979. ISBN 0-89871-172-X. ·
doi:10.1137/1.9781611971811 

[13] P. J. Eberlein. A note on the matrices denoted by Bn. SIAM J. Appl. Math., 20(1):87-92, 1971. ·
Zbl 0215.08602 · doi:10.1137/0120012 

[14] Alan Edelman and Gilbert Strang. Pascal matrices. Amer. Math. Monthly, 111(3):189-197, 2004. ·
Zbl 1089.15025 · doi:10.1080/00029890.2004.11920065 

[15] Stanley C. Eisenstat and Ilse C. F. Ipsen. Relative perturbation techniques for singular value
problems. SIAM J. Numer. Anal., 32(6):1972-1988, 1995. · Zbl 0837.65039 · doi:10.1137/0732088 

[16] Joseph Frederick Elliott. The characteristic roots of certain real symmetric matrices. M.Sc. Thesis,
The University of Tennessee, Knoxville, TN, USA. 50 pp., August 1953.

[17] Shaun M. Fallat. Bidiagonal factorizations of totally nonnegative matrices. Amer. Math. Monthly,
108(8):697-712, 2001. · Zbl 1032.15015 · doi:10.1080/00029890.2001.11919801 

[18] Shaun M. Fallat. Totally positive and totally nonnegative matrices. In L. Hogben (editor), Handbook of
Linear Algebra. Second edition. Chapman and Hall/CRC, Boca Raton, FL, USA, 29.1-29.17, 2014.

[19] Shaun M. Fallat, Michael I. Gekhtman, and Charles R. Johnson. Spectral structures of irreducible
totally nonnegative matrices. SIAM J. Matrix Anal. Appl., 22(2):627-645, 2000. · Zbl 0970.15013 ·
doi:10.1137/s0895479800367014 

[20] Shaun M. Fallat and Charles R. Johnson. Totally Nonnegative Matrices. Princeton University Press,
Princeton, NJ, USA, xv+248 pp., 2011. ISBN 978-0-691-12157-4. · Zbl 1390.15001

























21/11/2024 14:08 Document Zbl 07935105 - zbMATH Open

https://zbmath.org/7935105 3/5

https://zbmath.org/0934.65030
https://zbmath.org/1183.15001
https://zbmath.org/0847.65023
https://doi.org/10.1137/1.9781611971484
https://doi.org/10.1137/1.9781611971484
https://zbmath.org/0221.65054
https://doi.org/10.1090/S0025-5718-1970-0290541-1
https://doi.org/10.1090/S0025-5718-1970-0290541-1
https://zbmath.org/0496.65001
https://zbmath.org/0246.15023
https://doi.org/10.1016/0024-3795(73)90019-0
https://doi.org/10.1016/0024-3795(73)90019-0
https://zbmath.org/1512.65060
https://doi.org/10.1016/j.cam.2023.115064
https://doi.org/10.1016/j.cam.2023.115064
https://zbmath.org/0705.65027
https://doi.org/10.1137/0911052
https://doi.org/10.1137/0911052
https://zbmath.org/0114.32303
https://doi.org/10.1007/BF01385889
https://doi.org/10.1007/BF01385889
https://doi.org/10.1137/1.9781611971811
https://doi.org/10.1137/1.9781611971811
https://zbmath.org/0215.08602
https://doi.org/10.1137/0120012
https://doi.org/10.1137/0120012
https://zbmath.org/1089.15025
https://doi.org/10.1080/00029890.2004.11920065
https://doi.org/10.1080/00029890.2004.11920065
https://zbmath.org/0837.65039
https://doi.org/10.1137/0732088
https://doi.org/10.1137/0732088
https://zbmath.org/1032.15015
https://doi.org/10.1080/00029890.2001.11919801
https://doi.org/10.1080/00029890.2001.11919801
https://zbmath.org/0970.15013
https://doi.org/10.1137/s0895479800367014
https://doi.org/10.1137/s0895479800367014
https://zbmath.org/1390.15001


[21] Werner L. Frank. Computing eigenvalues of complex matrices by determinant evaluation and by
methods of Danilewski and Wielandt. J. Soc. Indust. Appl. Math., 6(4):378-392, 1958. ·
Zbl 0198.20804 · doi:10.1137/0106026 

[22] Mariano Gasca and Juan M. Peña. On factorizations of totally positive matrices. In M. Gasca and
C.A. Micchelli (editors), Total Positivity and Its Applications. Springer-Verlag, 109-130, 1996. ·
Zbl 0891.15017 · doi:10.1007/978-94-015-8674-0_7 

[23] G. H. Golub and W. Kahan. Calculating the singular values and pseudo-inverse of a matrix. SIAM J.
Numer. Anal., 2 (2):205-224, 1965. · Zbl 0194.18201 · doi:10.1137/0702016 

[24] Robert T. Gregory and David L. Karney. A Collection of Matrices for Testing Computational
Algorithms. Wiley, New York, USA, ix+154 pp., 1969 . Reprinted with corrections by Robert E.
Krieger, Huntington, New York, 1978. ISBN 0-88275-649-4. · Zbl 0195.44803

[25] Desmond J. Higham. Condition numbers and their condition numbers. Linear Algebra Appl., 214:193-
213, 1995. · Zbl 0816.15004 · doi:10.1016/0024-3795(93)00066-9 

[26] Nicholas J. Higham. Efficient algorithms for computing the condition number of a tridiagonal matrix.
SIAM J. Sci. Statist. Comput., 7(1):150-165, 1986. · Zbl 0599.65026 · doi:10.1137/0907011 

[27] Nicholas J. Higham. Error analysis of the Björck-Pereyra algorithms for solving Vandermonde
systems. Numer. Math., 50(5):613-632, 1987. · Zbl 0595.65029 · doi:10.1007/BF01408579 

[28] Nicholas J. Higham. Stability analysis of algorithms for solving confluent Vandermonde-like systems.
SIAM J. Matrix Anal. Appl., 11(1):23-41, 1990. · Zbl 0724.65025 · doi:10.1137/0611002 

[29] Nicholas J. Higham. Accuracy and Stability of Numerical Algorithms. Second edition. Society for
Industrial and Applied Mathematics, Philadelphia, PA, USA, xxx+680 pp., 2002. ISBN 0-89871-521-0.
· Zbl 1011.65010 · doi:10.1137/1.9780898718027 

[30] Nicholas J. Higham. Functions of Matrices: Theory and Computation. Society for Industrial and
Applied Mathematics, Philadelphia, PA, USA, xx+425 pp., 2008. ISBN 978-0-898716-46-7. ·
Zbl 1167.15001 · doi:10.1137/1.9780898717778 

[31] Nicholas J. Higham and Mantas Mikaitis. Anymatrix: An extensible MATLAB matrix collection. Numer.
Algorithms, 90 (3):1175-1196, 2021. · Zbl 1492.65002 · doi:10.1007/s11075-021-01226-2 

[32] Leslie Hogben, editor. Handbook of Linear Algebra. Second edition. Chapman and Hall/CRC, Boca
Raton, FL, USA, xxix+1904 pp., 2014. ISBN 978-1-4665-0728-9. · Zbl 1284.15001

[33] Roger A. Horn and Charles R. Johnson. Matrix Analysis. Second edition. Cambridge University
Press, Cambridge, UK, xviii+643 pp., 2013. ISBN 978-0-521-83940-2. · Zbl 1267.15001

[34] M. Kac, W. L. Murdock, and G. Szegö. On the eigen-values of certain Hermitian forms. J. Ration.
Mech. Anal., 2:767-800, 1953. · Zbl 0051.30302

[35] Plamen Koev. Accurate eigenvalues and SVDs of totally nonnegative matrices. SIAM J. Matrix Anal.
Appl., 27(1):1-23, 2005. · Zbl 1095.65031 · doi:10.1137/S0895479803438225 

[36] Plamen Koev. Accurate computations with totally nonnegative matrices. SIAM J. Matrix Anal. Appl.,
29(3):731-751, 2007. · Zbl 1198.65057 · doi:10.1137/04061903x 

[37] R. B. Lehoucq. The computation of elementary unitary matrices. ACM Trans. Math. Software,
22(4):393-400, 1996. · Zbl 0884.65039 · doi:10.1145/235815.235817 

[38] Ana Marco and José-Javier Martínez. Accurate computations with totally positive Bernstein-
Vandermonde matrices. Electron. J. Linear Algebra, 26:357-380, 2013. · Zbl 1283.65018 ·
doi:10.13001/1081-3810.1658 

[39] A. McCurdy, K. C. Ng, and B. N. Parlett. Accurate computation of divided differences of the
exponential function. Math. Comp., 43(168):501-528, 1984. · Zbl 0561.65009 ·
doi:10.1090/S0025-5718-1984-0758198-0 































21/11/2024 14:08 Document Zbl 07935105 - zbMATH Open

https://zbmath.org/7935105 4/5

https://zbmath.org/0198.20804
https://doi.org/10.1137/0106026
https://doi.org/10.1137/0106026
https://zbmath.org/0891.15017
https://doi.org/10.1007/978-94-015-8674-0_7
https://doi.org/10.1007/978-94-015-8674-0_7
https://zbmath.org/0194.18201
https://doi.org/10.1137/0702016
https://doi.org/10.1137/0702016
https://zbmath.org/0195.44803
https://zbmath.org/0816.15004
https://doi.org/10.1016/0024-3795(93)00066-9
https://doi.org/10.1016/0024-3795(93)00066-9
https://zbmath.org/0599.65026
https://doi.org/10.1137/0907011
https://doi.org/10.1137/0907011
https://zbmath.org/0595.65029
https://doi.org/10.1007/BF01408579
https://doi.org/10.1007/BF01408579
https://zbmath.org/0724.65025
https://doi.org/10.1137/0611002
https://doi.org/10.1137/0611002
https://zbmath.org/1011.65010
https://doi.org/10.1137/1.9780898718027
https://doi.org/10.1137/1.9780898718027
https://zbmath.org/1167.15001
https://doi.org/10.1137/1.9780898717778
https://doi.org/10.1137/1.9780898717778
https://zbmath.org/1492.65002
https://doi.org/10.1007/s11075-021-01226-2
https://doi.org/10.1007/s11075-021-01226-2
https://zbmath.org/1284.15001
https://zbmath.org/1267.15001
https://zbmath.org/0051.30302
https://zbmath.org/1095.65031
https://doi.org/10.1137/S0895479803438225
https://doi.org/10.1137/S0895479803438225
https://zbmath.org/1198.65057
https://doi.org/10.1137/04061903x
https://doi.org/10.1137/04061903x
https://zbmath.org/0884.65039
https://doi.org/10.1145/235815.235817
https://doi.org/10.1145/235815.235817
https://zbmath.org/1283.65018
https://doi.org/10.13001/1081-3810.1658
https://doi.org/10.13001/1081-3810.1658
https://zbmath.org/0561.65009
https://doi.org/10.1090/S0025-5718-1984-0758198-0
https://doi.org/10.1090/S0025-5718-1984-0758198-0


[40] Efruz Özlem Mersin and Mustafa Bahşi. Sturm theorem for the generalized Frank matrix. Hacettepe
J. Math. Stat., 50 (4):1002-1011, 2021. · Zbl 1488.15009 · doi:10.15672/hujms.773281 

[41] Multiprecision Computing Toolbox. Advanpix, Tokyo. http://www.advanpix.com.
[42] G. Opitz. Steigungsmatrizen. Z. Angew. Math. Mech., 44:T52-T54, 1964. · Zbl 0196.48801 ·

doi:10.1002/zamm.19640441321 
[43] Christopher C. Paige and Michael A. Saunders. LSQR: An algorithm for sparse linear equations and

sparse least squares. ACM Trans. Math. Software, 8(1):43-71, 1982. · Zbl 0478.65016 ·
doi:10.1145/355984.355989 

[44] Beresford N. Parlett. The Symmetric Eigenvalue Problem. Society for Industrial and Applied
Mathematics, Philadelphia, PA, USA, xxiv+398, 1998. Unabridged, amended version of book first
published by Prentice-Hall in 1980. ISBN 0-89871-402-8. · Zbl 0885.65039 ·
doi:10.1137/1.9781611971163 

[45] H. Rutishauser. On test matrices. In Programmation en Mathématiques Numériques, Besançon,
1966, volume 7 (no. 165) of Éditions Centre Nat. Recherche Sci., Paris, 349-365, 1968. ·
Zbl 0209.17502

[46] Robert D. Skeel. Scaling for numerical stability in Gaussian elimination. J. ACM, 26(3):494-526, 1979.
· Zbl 0435.65035 · doi:10.1145/322139.322148 

[47] Charles F. Van Loan. A study of the matrix exponential. Numerical Analysis Report No. 10, University
of Manchester, Manchester, UK, August 1975. Reissued as MIMS EPrint 2006.397, Manchester
Institute for Mathematical Sciences, The University of Manchester, UK, November 2006.

[48] J. M. Varah. A generalization of the Frank matrix. SIAM J. Sci. Statist. Comput., 7(3):835-839, 1986. ·
Zbl 0632.65036 · doi:10.1137/0907056 

[49] J. H. Wilkinson. Error analysis of floating-point computation. Numer. Math., 2(1):319-340, 1960. ·
Zbl 0091.29605 · doi:10.1007/BF01386233 

[50] J. H. Wilkinson. The Algebraic Eigenvalue Problem. Oxford University Press, Oxford, UK, xviii+662,
1965. ISBN 0-19-853403-5 (hardback), 0-19-853418-3 (paperback). · Zbl 0258.65037

[51] D. M. Young. Iterative methods for solving partial difference equations of elliptic type. Trans. Amer.
Math. Soc., 76(1):92-111, 1954. · Zbl 0055.35704 · doi:10.1090/s0002-9947-1954-0059635-7 

[52] David M. Young. Iterative Solution of Large Linear Systems. Academic Press, New York, xxiv+570
pp., 1971. ISBN 0-12-773050-8. · Zbl 0231.65034

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items
are heuristically matched to zbMATH identifiers and may contain data conversion errors. In some cases that data
have been complemented/enhanced by data from zbMATH Open. This attempts to reflect the references listed in
the original paper as accurately as possible without claiming completeness or a perfect matching.

















21/11/2024 14:08 Document Zbl 07935105 - zbMATH Open

https://zbmath.org/7935105 5/5

https://zbmath.org/1488.15009
https://doi.org/10.15672/hujms.773281
https://doi.org/10.15672/hujms.773281
https://zbmath.org/0196.48801
https://doi.org/10.1002/zamm.19640441321
https://doi.org/10.1002/zamm.19640441321
https://zbmath.org/0478.65016
https://doi.org/10.1145/355984.355989
https://doi.org/10.1145/355984.355989
https://zbmath.org/0885.65039
https://doi.org/10.1137/1.9781611971163
https://doi.org/10.1137/1.9781611971163
https://zbmath.org/0209.17502
https://zbmath.org/0435.65035
https://doi.org/10.1145/322139.322148
https://doi.org/10.1145/322139.322148
https://zbmath.org/0632.65036
https://doi.org/10.1137/0907056
https://doi.org/10.1137/0907056
https://zbmath.org/0091.29605
https://doi.org/10.1007/BF01386233
https://doi.org/10.1007/BF01386233
https://zbmath.org/0258.65037
https://zbmath.org/0055.35704
https://doi.org/10.1090/s0002-9947-1954-0059635-7
https://doi.org/10.1090/s0002-9947-1954-0059635-7
https://zbmath.org/0231.65034

