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The main motivation for the questions considered in this paper comes from results by Gohberg and

Semencul (also sometimes written Sementsul) in 1972. The pair derived an inversion formula for Toeplitz

matrices

This formula expresses  as a sum of products of triangular Toeplitz matrices involving only the

entries of the first and last column (or row) of . Such inversion formulas can also be established for

Hankel matrices

The central goal of the present paper is to establish inversion formulas of Gohberg–Semencul type for

matrices which are the sum of a Toeplitz and a Hankel matrix (such matrices are called Toeplitz-plus-Hankel

matrices or  matrices), i.e.,

The main results are presented in Section 3 and Section 4. In the first of these two sections, they authors

obtain invertibility criteria for the   matrix  and establish recursion formulas for all

columns (or rows) of . These results are not new, but the direct proof is original. The second of

these two sections begin with a reminder of a key 1988 discovery of Heinig and the second author of the

paper under consideration that the inverse of an invertible  matrix is an invertible -Bezoutian,

and vice versa. Recall that a matrix  is called a Toeplitz-plus-Hankel-Bezoutian (henceforth

-Bezoutian) if there exist eight vectors  such that, in polynomial

language,

Following this, the authors derive invertibility criteria and establish inversion formulas for , where

only the entries of four columns (or/and four rows) of  are involved. This is however shown to

come at the expense that a certain  matrix has to be nonsingular. Lastly, the authors derive inversion
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formulas of Gohberg–Semencul type for the   matrix obtained from  by

deleting the first and the last column and the first and the last row

In Section 5 we look at a simple example of size  illustrating the recursion formula for the columns of

 as well as some results stated in Section 4.

(n − 2) × (n − 2) T + H T (a, b)Hn

n = 5
T (a, bHn )−1

MSC:
15A09 Theory of matrix inversion and generalized inverses
15B05 Toeplitz, Cauchy, and related matrices
65F05 Direct numerical methods for linear systems and matrix inversion

Keywords:
Toeplitz matrix; Hankel matrix; Toeplitz-plus-Hankel matrix; matrix inversion

PDF BibTeX  XML Cite Full Text: DOI 

References:
[1] Ehrhardt, T.; Rost, K., On Toeplitz-plus-Hankel matrices and Toeplitz-plus-Hankel-Bezoutians, Oper.

Matrices, 16, 3, 859-894, 2022 · Zbl 1510.15045
[2] Gohberg, I. C.; Krupnik, N. Ja., A formula for the inversion of finite Toeplitz matrices, Mat. Issled., 7,

2(24), 272-293, 1972, 295
[3] Gohberg, I. C.; Semencul, A. A., The inversion of finite Toeplitz matrices and their continuous

analogues, Mat. Issled., 7, 2(24), 201-223, 1972, 290 · Zbl 0288.15004
[4] Heinig, G.; Rost, K., Algebraic Methods for Toeplitz-Like Matrices and Operators, Operator Theory:

Advances and Applications, vol. 13, 1984, Birkhäuser Verlag: Birkhäuser Verlag Basel ·
Zbl 0549.15013

[5] Heinig, G.; Rost, K., On the inverses of Toeplitz-plus-Hankel matrices, Linear Algebra Appl., 106, 39-
52, 1988 · Zbl 0646.15015

[6] Heinig, G.; Rost, K., Matrix representations of Toeplitz-plus-Hankel matrix inverses, Linear Algebra
Appl., 113, 65-78, 1989 · Zbl 0663.15009

[7] Kailath, T.; Kung, S. Y.; Morf, M., Displacement ranks of matrices and linear equations, J. Math. Anal.
Appl., 68, 2, 395-407, 1979 · Zbl 0433.15001

[8] Lander, F. I., The Bezoutian and the inversion of Hankel and Toeplitz matrices, Mat. Issled., 9, 2(32),
69-87, 1974, 249-250 · Zbl 0331.15017

[9] Merchant, G. A.; Parks, T. W., Efficient solution of a Toeplitz-plus-Hankel coefficient matrix system of
equations, IEEE Trans. Acoust. Speech Signal Process., 30, 1, 40-44, 1982 · Zbl 0563.65016

[10] Nersesyan, A. B.; Papoyan, A. A., Construction of a matrix inverse to the sum of Toeplitz and Hankel
matrices, Izv. Akad. Nauk Armyan. SSR Ser. Mat., 18, 2, 150-160, 1983, (in Russian) ·
Zbl 0513.65013

[11] Trench, W. F., An algorithm for the inversion of finite Toeplitz matrices, J. Soc. Ind. Appl. Math., 12,
515-522, 1964 · Zbl 0131.36002

This reference list is based on information provided by the publisher or from digital mathematics libraries. Its items
are heuristically matched to zbMATH identifiers and may contain data conversion errors. In some cases that data

Reviewer: Frédéric Morneau-Guérin (Québec)

17/07/2024 08:29 Document Zbl 07874841 - zbMATH Open

https://zbmath.org/7874841 2/3

https://zbmath.org/classification/?q=cc%3A15A09
https://zbmath.org/classification/?q=cc%3A15B05
https://zbmath.org/classification/?q=cc%3A65F05
https://zbmath.org/?q=ut%3AToeplitz+matrix
https://zbmath.org/?q=ut%3AHankel+matrix
https://zbmath.org/?q=ut%3AToeplitz-plus-Hankel+matrix
https://zbmath.org/?q=ut%3Amatrix+inversion
https://zbmath.org/pdf/07874841.pdf
https://zbmath.org/bibtex/07874841.bib
https://oai.zbmath.org/v1/?verb=GetRecord&metadataPrefix=oai_dc&identifier=oai%3Azbmath.org%3A7874841
https://doi.org/10.1016/j.laa.2024.03.001
https://zbmath.org/1510.15045
https://zbmath.org/0288.15004
https://zbmath.org/0549.15013
https://zbmath.org/0646.15015
https://zbmath.org/0663.15009
https://zbmath.org/0433.15001
https://zbmath.org/0331.15017
https://zbmath.org/0563.65016
https://zbmath.org/0513.65013
https://zbmath.org/0131.36002
https://zbmath.org/authors/?q=rv%3A21090


have been complemented/enhanced by data from zbMATH Open. This attempts to reflect the references listed in
the original paper as accurately as possible without claiming completeness or a perfect matching.

17/07/2024 08:29 Document Zbl 07874841 - zbMATH Open

https://zbmath.org/7874841 3/3


