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Abstract

In the first of this series of two articles, we studied some geometrical aspects of
the Birkhoff polytope, the compact convex set of all n X n doubly stochastic
matrices, namely the Chebyshev center, and the Chebyshev radius of the Birkhoff
polytope associated with metrics induced by the operator norms from £% to £F
for 1 < p < oo. In the present paper, we take another look at those very
questions, but for a different family of matrix norms, namely the Schatten p-
norms, for 1 < p < oco. While studying these properties, the intrinsic connection
to the minimal trace, which naturally appears in the assignment problem, is also
established.

Keywords: Doubly stochastic matrices, Birkhoff polytope, Chebyshev center,
Chebyshev radius, Schatten p-norms

MSC Classification: 15B51 46B20 52B12 47B10

1 Introduction

A square matrix is said to be doubly stochastic if its entries are non-negative and all
its row and column sums are one. It is readily verified that the set of n x n doubly
stochastic matrices is closed under matrix multiplication.



Note that a doubly stochastic matrix can be interpreted as the adjacency matriz
of a weighted directed graph such that at each vertex the sum of the weights of the
incoming edges as well as the sum of the weights of the outgoing edges are equal to one
[1]. Through this association, doubly stochastic matrices play a key role in networked
control problems (NSC) [2, 3].

The connection between such matrices and graph theory in particular, and combi-
natorics in general does not stop there. The celebrated Birkhoff’s theorem asserts that
every nxn doubly stochastic matrix can be written (though not necessarily in a unique
way) as a convex combination of n X n permutation matrices, and the n x n permuta-
tion matrices are precisely the extreme points of €2,,, the set of n x n doubly stochastic
matrices often referred to as the Birkhoff polytope. This foundational result turns out to
be logically equivalent to a long list of remarkably powerful theorem in combinatorics
which includes the Kénig—Egervary theorem, Ko6nig’s theorem, Menger’s theorem,
Dilworth’s theorem as well as Ford and Fulkerson’s maz-flow min-cut theorem [4].

In [5], the geometry of the Birkhoff polytope is studied. More specifically, the
Chebyshev center and the Chebyshev radius of ,, relative to the operator norms from
2P to (P (1 <p < o0) is determined. These concepts are interesting from a theoretical
point of view. However, they also have received attention in some practical settings,
notably in two papers from 1998 by Glunt, Hayden and Reams [6] and by Khoury
[7]. In the former, while studying numerical simulation of large linear semiconductor
circuit networks, the authors naturally came across the following question: Given a
matriz B of order n subject to the constraints eIDkel = eIBkel, k > 1, where e; =
(1,0,...,0)T, which generalized doubly stochastic matriz D is closest to B in the sense
of Frobenius? They were able to give an algorithm to numerically find the solution.
In the latter, Khoury [7] independently studied the same question, bar the constraints
mentioned above. He showed that D = WBW + J,,, where W = I, — J, and J, is
the n x n matrix with every entry uniformly equal to 1/n. This line of investigation
was later pursued by Glunt, Hayden and Reams in [8] and further developed in the
more specific case of doubly stochastic matrices (as opposed to generalized doubly
stochastic matrices) in [9] by Bai, Chu and Tan in 2007.

The present article continues the line of research pursued in [5]. Therein, in the
process of determining the Chebyshev center and radius of €,, relative to the operator
norm from ¢2 to £2, the case of the Frobenius norm is also addressed. A natural
generalization of this norm is the Schatten p-norms. Hence, in this paper, we propose
to also determine the Chebyshev center and the Chebyshev radius of €2,, but this
time relative to the Schatten p-norms (1 < p < 00). The case of the Schatten co-norm
is omitted since it coincide with the operator norm from ¢2 to ¢2, which is already
covered in [5]. In this paper, we also address the minimal bounding ball’s radius for
the Birkhoff polytope and the smallest enclosing ball problem.

In Section 2, we establish some preliminary results. More precisely, we recall some
basic definitions in Section 2.1 and Section 2.2, we present a few elementary properties
of doubly stochastic matrices in Section 2.3, we state some basic facts about the
minimal trace of a matrix in 2.4, and we recall some general results on the Chebyshev
radius proven in [5]. In Section 3, we determine the minimum and maximum distance
of an element of the Birkhoff polytope from the origin. In Section 4, we study the



minimal bounding ball of the Birkhoff polytope. Among other things, we find an
explicit formula for the radius of the smallest enclosing ball of 2,, centered at D in the
case of the Frobenius norm, for any doubly stochastic matrix D. In doing so, interesting
connections with the assignment problem are highlighted. Finally, in Section 5, we
study the Chebyshev center and the Chebyshev radius of €,, relative to the Schatten
p-norms.

2 Definitions, Properties and Preliminary results

2.1 Basic definitions

In this section, we recall the definition of some basic notions which are essential in this
paper. Secondly, we state some well-known properties of doubly stochastic matrices.
Thirdly, we define the minimal trace of a n X n matrix and discuss some of its ele-
mentary properties. Finally, we recall some known results about the Chebyshev center
and radius of €2, relative to a metric induced by a permutation-invariant norm.

Singular values

Given an m X n matrix A, the i-th singular value of A is given by

oi(A) = inf sup | Az||2, (t=1,2,...,min{m,n}).
vCcer zcV
dim(V)=n—i+1 llz|2=1

It is easy to see that

UI(A) > 02(A) > 2 Umin{m,n}(A) = 0.

Moreover, the singular values of A are also given by the square root of the non-
negative eigenvalues of A*A, where A* denotes the conjugate transpose of A. In this
case, the singular values are not necessarily ordered and thus we assume without loss
of generality that they are.

Schatten norms

For p > 1, the Schatten p-norm of a m x n matrix A, denoted by [|Al|s,, is defined as
the p-norm of its singular values, that is

min{m,n} 1/p
[Alls, = ( > Uf(A)>

i=1

The case p = 2 yields the well-known Frobenius norm, which admits an easier
characterization. Indeed, this latter matrix norm is induced by the inner product
(A, B)p := tr(AB*), where A and B belong to M,, ,(C). Hence, the Schatten 2-norm



of A = [a;j]mxn is also given by

m n 1/2
[Alls, = [IAlle = <ZZI%‘2> :
i=1 j=1
2.2 Useful properties of the Schatten p-norms

In what follows, we present a few well-known features of the Schatten p-norms that
we shall use later.

Monotonicity

For 1 <p <q,
[Alls, = [[Alls, = [ Alls,-
This is an obvious consequence of well-known results on inclusions between /P spaces.

Permutation-invariance

Recall that any complex m x n matrix A admits a singular value decomposition, that
is a factorization of the form

A =UXV*,
where U is an m X m complex unitary matrix, ¥ is an m x n rectangular diagonal
matrix with the singular values of A on the diagonal, and V* is the conjugate transpose
of a m X n complex unitary matrix V. For all p > 1, it is easy to verify that

[Alls, = [%ls,-

Similarly, the Schatten p-norm of any matrix having the same singular values as A is
equal to [|X||s,. This means that the Schatten p-norms are unitarily-invariant and, a
fortiori, permutation-invariant.

Submultiplicativity

For all p > 1, the Schatten p-norm is submultiplicative, that is
[ABls, < [ Alls,[IBls,

for all p > 1 and for every m x n matrix A and every n X k matrix B.

To demonstrate this elementary fact, it suffices to show that it holds true for rect-
angular diagonal matrices ¥ 4 and ¥ p having for diagonal entries the singular values
as A and B, respectively, in decreasing order of modulus. Under these assumptions,
we have

1Xa%B]s,

n 1/p
= (Z(%(A)W(B))p)

=1

1XaBlls,



n 1/p
< 01(4) - (Zai(B)P>
i=1

n 1/p n 1/p
(2] (3]

1Xalls, %5,

IN

2.3 Elementary spectral properties of doubly stochastic
matrices

As we mentioned in the first part of this series of articles, the spectrum of a doubly
stochastic matrix D is bounded by 1, and it always includes the scalar 1 (associated
to the eigenvector e = (1,1,...,1)T). As for the other eigenvalues, they have modulus
1 if and only if D is a permutation matrix [10, Theorem 5].
Let us state some other useful results relating to doubly stochastic matrices which
will be put to use in our studies.
(i) A convex real-valued function on €, attains its maximum at a permutation
matrix [11, Corollary 8.7.4].
(ii) DJ, = J,D = J, for every n x n doubly stochastic matrix D, where J,, is the
n X n matrix where every entry is equal to 1/n.
(iii) J, is the uniform convex combination of all the n X n permutation matrices, i.e.,

In = % ZPEPnP [5}

2.4 The minimal trace of a matrix

The minimal trace of an n X n matrix A is

trmin(A4) := min tr(AP).

PeP,

Alternatively, it can be defined as the minimal diagonal sum of A, i.e.,

trmin(4) = min Za“’(l

UESym(n)

where Sym(n) denotes the full symmetric group of degree n, that is the group whose
elements are the bijections from the set {1,2,...,n} onto itself.

The function try, : M, (R) — R, as well as its restriction to §2,,, were extensively
studied by Wang [12]. It is also closely related to the assignment problem, which is
a fundamental combinatorial optimization problem [13]. Indeed, finding the value of
trmin(A4) is equivalent to solving an assignment problem associated with the matrix
A. This, in turn, can be done with the O(n?) time algorithm known as the Hungarian
algorithm [14].

We now state a result, due to Wang [12, Proposition 1.1], which provides interesting
upper and lower bounds for the minimal trace of a doubly stochastic matrix. We also
provide a complete and new elementary proof.



Lemma 1. The minimal trace of a doubly stochastic matriz lies on the closed unit
interval, i.e., 0 < trpin(D) < 1 for all D € §,,. Moreover, both these bounds are sharp.
Indeed,

(i) trmin(D) = 0 if and only if D has a diagonal consisting entirely of zeroes;

(%) trmin(D) =1 if and only if D = J,.

Proof. The lower bound is an immediate consequence of the non-negativity of all the
entries of D. As for the necessary and sufficient condition for equality to hold, it is
trivial.

Let us now turn our attention towards the upper bound. Let P be a permutation
matrix for which the minimal trace of D is realized and let Tj; be the permutation
matrix which swap the i-th and j-th columns with respect to right multiplication.
Observe that if DP = [a;;], the minimality of P implies that

Y aw = te(DP) < tr(DPTy) = ai; +azi+ Y ap
pry k=1
ki

for each 1 <i,5 <n, i # j. It follows that

n n

ai; + aj; = E Akl — g agk < aij + aj,
- k=1
k=1 k#i,j

which trivially holds even if ¢ = j. By summing over all ¢ and j we get, on the one
hand,

n

Z (aii +ajj) = nZa“- +n2ajj = 2ntr(DP) = Zntrmin(D),
i,j=1 i=1 j=1

and, on the other hand,

n

Z (aij —&—aj,») =2 Z aij = 2n.

4,j=1 ,j=1
Therefore,
2ntrmin (D) = Z (@i +aj;) < Z (aij + aj;) = 2n. (1)
ij=1 ij=1

Hence trpin(D) < 1.

It only remains to discuss the conditions under which this upper bound is attained.
One can easily check, by direct verification, that trmyin(Jn,) = 1. To complete the
proof, suppose that D is a doubly stochastic matrix D such that try, (D) = 1 and
assume that the minimal trace of D is realized by P € P,. Set DP = [a;;]. Under



our assumption that try, (D) = 1, equality must hold in (1). But this happens if and
only if

@i +aj; = aij + ag; (2)
for all 1 < 4,5 <n. Summing up over all ¢, we obtain

n
Z(au‘ +aj;) = trmin(D) +naj; = 1+ naj;.
=1

on the left-hand side, and

on the right-hand side. Hence a;j; = 1/n for all 1 < j < n.
Now, let o € Sym(n) be an arbitrary permutation of {1,2,...,n}. Then, by (2),

n n

2trmin(D) - Z(aii + amai) = Z(aiai + aai’i) = tI‘(DQ) + tI‘(Q*D) > 2trmiH(D)7

i=1 i=1

where @) is the permutation matrix corresponding to the permutation o. It follows
that tr(DQ) = tr(Q*D) = trmin(D) = 1 and thus, for each permutation o, by the
above discussion we must have a;,, = 1/n for all 1 < ¢ < n. Hence, a;; = 1/n, for
every 1 <14,5 < n. O

2.5 Geometric notions

The remainder of this section is devoted to the introduction of geometric notions and
theorems of metric geometry formulated in a general context which will be put to good
use later. Although these notions and results were also presented in the first part of
this series of articles, for the sake of completeness we thought it best to present them
succinctly here too.

The Minimal Bounding Ball

Given a metric space (U, d) and a nonempty, closed and bounded B C U, then we say
that B(z,r), i.e., the closed ball with radius r > 0 centered at = € U, is a bounding
ball of B if B C B(x,r). For a fixed x € U, the smallest radius r such that B(z,r) is
a bounding ball of B is called the minimal radius of a bounding ball of B centered at x
and is denoted by r4(z).

In this paper, the ambiant space is always M, (R) and the nonempty, closed and
bounded set B shall always be the Birkhoff polytope €2,. Moreover, the metric will
also be the one induced by the Schatten p-norm. Hence, we have

Tl s, (4) = sup [|A—Bls,. (3)
BeQ,



Fig. 1 The minimal bounding ball of the nonempty closed bounded set B centered at x with respect
to the metric d.

As a matter of fact, the set §2,, being compact, the supremum in (3) can be replaced by
a maximum, and it follows that the minimal radius of a bounding ball of €2,, centered
at A exists and is attained for every A € M, (R).

The Chebyshev radius and center

Given a metric space (U, d), with a nonempty closed constraint set R and a nonempty
closed, bounded set B, the Smallest Enclosing Ball Problem, a classical problem of
computational geometry, consists in finding the smallest possible radius r» > 0 and a
point x in the constraint set R such that the ball B(z,r) contains all of B.

The smallest enclosing ball for B with respect to the metric space (U, d) and the
constraint R may not always exist. And if it does, uniqueness is not assured. In cases
where it exists, the radius r is known as the Chebyshev radius of B relative to the
metric space (U, d) and the constraint set R, denoted by R4(B). A point x € R that
achieves this is called a Chebyshev center of B relative to the metric space (U, d) and
the constraint set R. Using this notation, we have

R4(B) = inf supd(z,y) = inf r4(z).
zeR yeB z€R

When R = U, the problem is referred to as unconstrained. In this setting, we focus
on the metric space (R,d), and we define B(z,r) as the minimal bounding ball of B
in relation to the metric space (R,d) (and the same goes for the Chebyshev radius
and centers). It is important to note that in these cases, we require B C R, unlike the
general case where the constraint set R can be unrelated to B.

To this day, the Smallest Enclosing Ball Problem remains an active area of research
(see [15, 16] and the references therein).

Before beginning our study of the Chebyshev centers and the Chebyshev radius of
the Birkhoff polytope relative to the Schatten p-norms, we need to recall some known
general results.

We begin with some sufficient conditions, due to Mordukhovich, Nguyen Mau and
Villalobos [16], guaranteeing the existence of a minimal bounding ball of B.
Proposition 2. [16, Theorem 1] Let B be a nonempty closed bounded subset in the
normed vector space (V)| - ||). Suppose one of the following holds:



Fig. 2 The smallest enclosing ball of the nonempty closed, bounded set B with respect to the metric
d.

(i) The constraint set R CV is nonempty and compact.

(i) The normed vector space (V)| - ||) is a reflexive Banach space and the constraint
set R CV is weakly closed.

Then there exists a smallest enclosing ball of B relative to (V|| -||) and the constraint

set R.

We continue with a sufficient condition guaranteeing the uniqueness of the smallest
enclosing ball in the context of strictly convexr normed vector spaces, i.e., a normed
vector space where x # y imply that

Az + (1= Nyl < Az + (1= M)yl

forall 0 < A < 1.

Proposition 3. Let B be a nonempty compact subset in the strictly convexr normed
vector space (V.| - ||) and let R C V be a nonempty closed, convex constraint set. If
there exists a Chebyshev center of B relative to (V,||-||) and the constraint set R, then
it 15 unique.

Before moving on to the next result, let us recall that the set K C M, is said to
be permutation-invariant if PKQ € K for any K € K and any permutation matrices
P,Q € P,. Observe that the sets Q,, and M, (R) are both permutation-invariant.

For the remainder of this section, the results will concern the Chebyshev centers

and radius of €2, in the context of a metric induced by a permutation-invariant norm
and a constraint set which is also permutation-invariant.
Theorem 4. [5, Theorem 6.4] Let R C M,(R) be a convex permutation-invariant
constraint set and let || - || be a permutation-invariant norm on M, (R). If there exist
a Chebyshev center A of Qy, relative to the metric space (M, (R),|| - ||) and the con-
straint set R, then the matriz J,AJ, = (% szzl aij)Jn is also a Chebyshev center
of Q,, relative to the aforementioned metric space and constraint set. Moreover, the
Chebyshev radius of 1y, in this setting is given by

Ry () = AT = Lnll = inf [y — L]
aJ, €R

and the infimum is attained by o = %szzl aij-



As a direct consequence of Theorem 4, we also have the following corollary which

states that, under mild conditions, any Chebyshev center of §2,, is equidistant to every
permutation matrix.
Corollary 5. [5, Corollary 6.5] Let R C M, (R) be a convex permutation-invariant
constraint set and let ||- || be a permutation-invariant norm on M, (R). If there ezist a
Chebyshev center A of 1y, relative to the metric space (M (R), ||-||) and the constraint
set R, then ||A — P|| = Ry () for any permutation matriz P € Pp,.

The above results are valid even if R has no direct relation to £2,,. If we also make
the natural assumption that R = €2, then we obtain the following concrete result.
Corollary 6. [5, Corollary 6.6] If || - || is a permutation-invariant norm on My, (R),
then the special doubly stochastic matriz J, is a Chebyshev center of ), relative to
the metric space (Qn, || - ||). Moreover, the associated Chebyshev radius is given by

Ry () = [[Jn — Lnl|.

3 The minimum and maximum distance of an
element of the Birkhoff polytope from the origin

We begin our discussion by presenting a useful result on the range of the Schatten p-
norms || - ||s, (p > 1) when its entry runs through the Birkhoff polytope ©,,. Finding
lower and upper bounds for this norms (as well as identifying the conditions under
which these are optimal) will prove valuable later on.

Proposition 7. Given D € Q, and p > 1, then 1 < ||D||s, < n'/? with ||D|s, =1 if
and only if D = J, and ||D|s, = n'/? if and only if D is a permutation matriz.

Proof. Let D € ,. The matrix D*D being real symmetric and positive semi-
definite, its eigenvalues are non-negative real numbers. Furthermore, D*D being
doubly stochastic, its eigenvalues are in absolute value smaller or equal to 1. Hence
the singular values of D lie in the interval [0, 1]. Therefore,

1< iaf(D) < n, (4)
i=1

and thus 1 < || D||s, < n'/?.

Since 1 is always an eigenvalue of the doubly stochastic matrix D*D, it follows
that o1(D) = 1. So, if 1 = Y"1, o?(D) = D3, then o;(D) = 0 for 2 < j < n
and thus rank(D) = 1. But M. Marcus showed that J,, is the only doubly stochastic
matrix of rank 1 [17, Lemma 2]. Consequently D = .J,,.

Now, if n = 37", o7(D) = | D[, . then o;(D) = 1 for every 1 < i < n. Hence, the
singular value decomposition of D is given by D = UI,V* = UV*, where U and V'
are unitary matrices. Thus,

D*D = (UV*)*(UV*) = VU*UV* = VV* = I,.

So D is a unitary matrix and its eigenvalues must then all lie on the unit circle.
Hence, it follows the first observation made in Section 2.3 that D is a permutation

10



matrix. Finally, since || P||s, = n!/? for every nxn permutation matrix, the conclusion
follows. O

Note that the above result is not original. Wang, for instance, mentions it in part
without proof [12].

4 The Minimal Bounding Ball of the Birkhoff
polytope

We now turn our attention to the problem of characterizing the minimal radius of an
enclosing ball of Q,, centered at A € M,,(R) when the ambient space is equipped with
the Schatten p-norms. In some cases, we will make the additional assumption that
the matrix A is doubly stochastic; this loss of generality will be compensated by some
considerably stronger results.

Finding an explicit formula for rs () for a general p > 1 turns out to be a
difficult problem. We thus restrict our attention to the case of the Frobenius norm (i.e.,
the Schatten 2-norm), where the structure arising from the underlying inner product
(A, B)s, := tr(AB*) allows us to derive some interesting formulas. In particular, we
are able to characterize the minimal radius of a bounding ball of §2,, centered at A
in terms of, among other things, the minimal trace tryi,(A). These formulas will be
instrumental in an upcoming paper to better understand the diameter of €2, in the
case of the Frobenius norm.

Theorem 8. The minimal radius of a bounding ball of Q,, centered at A € M, (R)
relative to the Schatten 2-norm, denoted by rs,(A), is

1/2
rs;(A) = ([All5, +n = 2trmin(4)) .

Proof. We know from property (i) of €, (see Section 2.3) that the maximum of a
convex real-valued function on 2, is attained by a permutation matrix. Hence, since
|A — DJs, is a convex function with respect to the variable D € Q,, for any fixed
A € M, (R), we have rs,(A) = maxpeq, ||[A—D|s, = maxpep, ||A—P||s,. Moreover,
if P € P,, Proposition 7 ensures us that

|A=Plg, = (A-P, A= P)g

|AlIZ, + IPIE, — (A, P)g, — (P, A)g,
= [|A]I2, + IP||%, — tr(AP*) — tr(PAY)
|A|2, +n — 2tr(AP*).

It follows that

r?gz (4) = }:»réaﬁx (||A||‘292 +n— 2tr(AP*)) = ||A||‘292 +n — 2trmin(A).

Taking the square root yield the result we sought. O

11



It is well known that there exist a connection between the space {2, and the
assignment problem [12, 18, 19]. However, to the best of our knowledge, none of these
links arose naturally by studying €2,. These papers were mostly motivated by the
assignment problem and the authors found that by exploiting some of the properties
of 2, (i.e., the assignment polytope), they could gain some insight into their original
questions. Here, we uncover a new geometric connection between these two objects of
study.

However precise it may be, Theorem 8 is not practical since the minimal trace
trmin (A) is relatively hard to compute for large n. If we make the additional assumption
that A € €, we can derive a more workable result from the estimations (i.e., 0 <
trmin(A) < 1 for all A € Q,,) given in Lemma 1.

Corollary 9. For D € Q,, we have

(ID]3, +n—2)* < rs,(D) < (IDII2, +n)*. (5)

In particular, the ratio v% (D)/(||D||%, + n) converges uniformly to 1 as n — co.

Proof. The lower and upper bounds are obtained directly from Theorem 8 and
Lemma 1. For the second part of the proof, remark that the ratio r%_(D)/(||D||%, +n)
converges uniformly to 1 as n — oo if and only if the ratio r3 (D)/(||D||%, +n — 1)
also does. Since the computations in the second one are easier, we instead prove the
latter. By squaring (5) and dividing by [|D||%, +n — 1, we get

1 %, (D) 1
-5 < 5 <1+ s
DI, +n—1 = |ID[l5, +n—1 IDl5, +n—1
That is,
‘ 7‘52 ' 1
||D||52+n—1 ~ IDIE, +n-1

Hence, since || D||s, > 1 by Proposition 7, we have

T?SQ (D) 1 ‘

Dt a—— |
ID[l5, +n—1 B

S|

and the conclusion follows. I

The full force of the inequalities stated will prove instrumental in Section 5.
Note in closing that, using the estimates for || - ||s, as D runs through €, given in
Proposition 7, one can deduce upper and lower bounds:

n—1<r% (D) < 2n.

While these bounds are less precise than (5), they are simpler and somehow more
elegant.

12



5 The Chebyshev radius and center of the Birkhoff
polytope

We now seek to determine the Chebyshev radius Rs,(€2,) and the Chebyshev centers
of Q,, relative to the metric space (M, (R),| - ||s,) and (Q,, | - [|s,). In fact, we shall
see in due course that the latter case follows almost directly from the first.

Observe that €, is compact and that the metric space (M, (R), ||-||s,) is a reflexive
Banach space for which M, (R) is obviously (weakly) closed on itself. Hence, Proposi-
tion 2 guarantees the existence of a Chebyshev center in both of the aforementioned
metric spaces. Moreover, since the Schatten p-norms are permutation-invariant and
since M, (R) is convex, Theorem 4 tells us that the matrix ./, is a Chebyshev center
for some o € R and that the Chebyshev radius is given by infuer ||y, — In||s,. Using
these properties, we derive the following result.

Theorem 10. For 1 < p < oo, the special doubly stochastic matriz J, is the unique
Chebyshev center of Q,, relative to the metric space (M, (R), | -|ls,) and the associated
Chebyshev radius is equal to (n — 1)'/7.

Proof. We know that, for any 1 < p < oo, the Chebyshev radius of €,, is given by
infaer ||adn — In||s,. Now, observe that (o], — I,)*(aJ, — In) = I, — (2o — a?) J,,.
Moreover, a direct computation shows that the eigenvalues of J,, are 1 and 0. Therefore,
the singular values of aJ,, — I, are 1 with multiplicity n—1, and v'1 — 2a + a2 = [1—q/
with multiplicity 1. Hence,

n 1/p
inf ||, — I,||ls. = inf P(ady, — I,
inf llon — Ils, = inf (Z ot(e >)

(n—1+]1—af)'/? (6)

inf
aceR

= (n—1)YP.

Thus, Rs,(92,) = (n — 1)}/? and since the above minimum is attained when a = 1,
the matrix J,, is a Chebyshev center. Since the Schatten p-norm are strictly convex
for any 1 < p < oo [20], it follows from Proposition 3 that the Chebyshev center is
unique. O

As a matter of fact, the proof detailed above remains largely valid for p = 1. Indeed,
only the uniqueness argument fails as the Schatten 1-norm is not strictly convex. To
establish the result for p = 1, we need stronger tools, including the following lemma.
Lemma 11. Let A € M, (R). If A commutes with every n X n permutation matrices,
then there exist some a,b € R such that A = al,, + bJ,. Moreover, if A € Q,,, then
a,b>0anda+b=1.

Proof. Since AP = PA for every permutation matrices, we have

aio(j) = (AP)ij = (PA)ij = ag-1(s)5, 1<i,j<n,
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where o is a permutation associated with the permutation matrix P. First consider
any permutation matrix P associated with a permutation o satisfying o(j) = i. Then
we have
Aii = Qig(j) = Ag-1(5); = Qjj.

Since i and j were arbitrary, each entry in the diagonal of A is identical.

Now consider any permutation matrix P associated with a permutation o satisfying
o(j) = k and o(l) = i, where k # i and | # j. It is clear that for any 1 < [,k < n
satisfying k # i and [ # j, such a permutation exist. We then have

Uik = Qig(5) = Ao—1(3); — Qlj-

Since k # i and | # j, we find that every off-diagonal entry of A is identical. Hence,
A has the general form

afB - B
Ba--- 8
A=\ .. .
BB a

which can be written as al, + bJ,, where b = nf and a = o — . If A is doubly
stochastic, then a,b > 0 since the coefficients are non-negative and a+ b = 1 since the
row and column sums must be equal to 1. O

Before addressing the following theorem, let us first recall von Neumann’s trace
inequality [21], which states that if B, C' € M,(R), then | tr(BC)| < >, 0:(B)o;(C),
with equality if and only if there exist n X n unitary matrices U and V such that

B = Udiag(o1(B),...,on(B)V* & C =Udiag(c1(C),...,on(C)V*. (7)

Theorem 12. J,, is the unique Chebyshev center of 2, relative to the metric space
(M, (R), |l - |ls,) and the associated Chebyshev radius is equal to n — 1.

Proof. The proof that the associated Chebyshev radius is equal to n — 1 is identical
to the proof of Theorem 10. Therefore, we just show that .J,, is the unique Chebyshev
center.

Let A € M, (R) be a Chebyshev center of §2,, relative to the metric space (M, (R), ||-
lls,). By Corollary 5, we know that

|A—Pls, =n—1, PcP,. (8)

Moreover, von Neumann’s trace inequality shows that |tr(B)| < ||B||s, for every
B € M, (R). Hence, we have

n—1=|[A=Ps, =[|AP = Li|s, > |tr(AP = I,))| = |tr(AP) —n[.  (9)

This means in particular that 1 — n < tr(AP) — n, i.e., that 1 < tr(AP) for every
permutation matrix P. By summing these inequalities over all permutation matrices,

14



we get

1:% > 1§% > tr(AP)ztr(A;' ZP)ztr(AJn)

Pep, " pPeP, " PeP,

n

Ly
= — ai»
n 7

ij=1

(10)

where the second to last equality is due to Lemma (iii).

Now, using once again (8), we have in particular that n — 1 = ||A — P*Q*||s, for
every P,@Q € P, and it follows from the permutation-invariance of the Schatten norms
that n —1 = ||[PAQ — I,||s, for any permutation matrices P and (. Consequently, we
find with another application of Lemma (iii) that

1 1
1= PAQ —I,||ls. >
n > 1PAQ- s, > |

12
(n) P,QePy,

Z (PAQ*ITL)

12
( ) P,QePy,

Sy

1
= H - Y PAQ-I|| = lJnAdn— Lills, = llatn — Lls,

N2
(n!) P,QePy

St

=n—-14+|1-q,

where o := 1 Z?jzl a;; and the last equality is due to (6). Thus, we have |1 —a| <0
and it follows that %Z? j=1aij = a = 1. Therefore, the inequality in (10) is in fact
an equality and this happens if and only if

tr(AP) =1, P € P, (11)

Moreover, it also follows that von Neumann’s trace inequality in (9) is saturated.
Hence, by (7) (with B = AP — I, and C' = I,,), it follows that there exist unitary
matrices U and V such that AP — I,, = Udiag(c1(AP — I,),...,0,(AP — I,,))V*
and I,, = UV™*. The latter implies that U = V and thus that AP — [, is unitarily
diagonalizable.

In particular, this means that AP is also unitarily diagonalizable. Hence, AP is
normal for any permutation matrix P and it follows that

P*A*AP = APP*A* = AA* = A*A.

In other words, the matrix A*A commutes with P for any permutation matrix P. It
then follows from Lemma 11 that A*A = al, + bJ, for some real numbers a and b.
Moreover, since A* A is positive semidefinite, the eigenvalues of A*A = al,, + bJ,, are
real and non-negative. Since its eigenvalues are a + b (simple) and a (multiplicity of
n — 1), we must have ¢ > 0 and b > —a.

We know from the unicity of the decomposition of positive definite matrices that
if B is a matrix such that B*B = al,, + bJ,, then A must be of the form A = UB,
where U is some unitary matrix. It is then a matter of simple computation to verify
that B = al, + (Va+b — \/a)J, =: al, + fJ, is such a matrix and thus that
A=U(al, + 8J,).
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Now, use once again the fact that A*A = AA* to obtain

al, +bJ, = (oI, + BJn) (ol + BJy) = (al, + B )UU(al, + BJ,) = A*A
= AA* = U(al, + BJy)(al, + BJ,)U* = Ulal, + bJ,)U*
= al, + bUJ,U",

and thus that J, = UJ,U*. Denote by r; the i-th row sum of U and by ¢; the i-th
column sum of U. From J,, = UJ,U*, a direct computation reveal that

1 N T .

— = (Jpn)ij = (UJU")ij = —=, 1<4,5<n.

n n
In particular, |r;]> = 1 and thus, 7; = +1 for any i € {1,2,...,n}. Suppose that
r1 = 1. Then we also have % =10 - % and thus, r; = 1 for every j € {1,2,...,n}.
Similarly, if r; = —1 then r; = —1 for every j € {1,2,...,n}.

Moreover, from J,, = UJ,U* we also find that J,U = U.J,, which is equivalent to
having
T C;

n = (']nU)ij = (U']n)ij = n

and thus, r; = ¢; for every ¢,j € {1,2,...,n}. Consequently, every row and column of
U sum to either 1 or —1. Suppose that it sum to 1. Then we know from [22] that U
must be of the form U = Zm Cm P, where P, are permutation matrices and ¢, are
complex numbers such that Y., ¢, =1 and Y, |c,|* = 1. If the rows and columns
of U sum to —1, then U is the form U = =3 ¢, Pp..

From this, it follows that

A =Ulal, + B8J,) = aU + By,

since UJ, = £>., cmPmdn = £, cmJn = £J,. Now, recall that we have
%szzl a;; =1 and thus

1:%ZaijZ%@Zuiji%BZ%Zi(OH-ﬂ),

ij=1 ij=1 ij=1

where the last equality stem from the fact that each row of U sum to +1. Since
a=+/a>0and 8 =+a+b—+/a>0,it follows that the negative case can be ruled
out, i.e., that U =3 ¢ Py and thus that o + 3 = 1.

Finally, recall (11) which states that tr(AP) = 1 for every permutation matrix P.
By the linearity of the trace and the fact that tr(J,P) = tr(J,) = 1, we find that
tr(UP) is also constant for every permutation matrix P, say tr(UP) = k. Therefore,
since U is unitary we have

n = tr(l,) = tr(UU*) = tr<UZcmP;;) = ntr(UP,) =k Y &n =k

m m
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Therefore, we must have tr(UP) = k = n for every permutation matrix P. However,
we also have

1 =1tr(AP) = tr((aU + BJ,n)P) = atr(UP) + Str(J,) = atr(UP) + 8
=atr(UP)+1—a,

which means that a = atr(UP) for every permutation matrix P. If o # 0, then this
implies that 1 = tr(UP) = n, a contradiction (since we can suppose without any loss
of generality that n > 1). Therefore, o must be equal to 0 and we thus find that

A = 5‘]71 = Jn7
which is what we wanted to show. O

From the previous theorems, the particular case where the constraint set is limited
to €, follows almost immediately since the Chebyshev center J belong to Q,, € M,,(R).
Corollary 13. For 1 < p < oo, the special doubly stochastic matrix J,, is the unique
Chebyshev center of Q, relative to the metric space (S, || - ||s,) and the associated
Chebyshev radius is equal to (n — 1)'/7.

Proof. Fix 1 < p < oo and suppose that Dy € M, (R) is a Chebyshev center of Q,
relative to the metric space (My(R),| - ||s,). If Do € Q,, then we have

(n—1)7 = inf sup |[A—P|s, < inf sup |[D—Pls,
AeM,, (R) PEP, DeQ, PEP,

1
< sup [[Dg — Plls, = (n—1)7.
PeP,

Therefore, Rs, (€,) = (n —1)1/?. By Theorems 10 and 12, J,, € Q,, is the only n x n
real matrix satisfying suppep, |D — Plls, = (n — 1)¥/? and in particular, it is the
only doubly stochastic matrix satisfying this equation. Consequently, J,, is the unique
Chebyshev center of €, relative to the metric space (2, | - [|s,)- O

Remark 1. More generally, suppose that B be a nonempty closed bounded subset in
the metric space (V.|| - ||), and let R1,R2 C V be two nonempty closed constraint
set. If R1 € Ry and A is the unique Chebyshev center of B relative to the metric
space (V, || - ||) and the constraint set Rq, then A is also the unique Chebyshev center
of B relative to the metric space (V,|| - ||) and the constraint set Ri. Moreover, the
Chebyshev radius is equal in both settings.

Remark 2. The matriz J, is not the Chebyshev center of ,, relative to the metric
space (M, (R), || - ||) for every matriz norm || - ||. For example, consider the entrywise
matriz norm || Al = szzl la;;|. According to Theorem 4, the Chebyshev radius is

. . (&% «
R 0) = it oo = Tulh = ot ([ =1]+ 0 = [T
= inf (o | + (n—1)lal)

which is attained uniquely at o = 0. Thus, the matriz 0 is a Chebyshev center of (1,
relative to the metric space (M (R), | - |l1), while J, is not.
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6 Concluding Remarks

To conclude this paper, we state a few remarks and set out some open questions that

appear to be of interest.

(i) Can we find formulas for the minimal radius of a bounding ball of €2,, centered
at D € Q,, relative to the Schatten p-norm for p # 2, and in particular for p =1
and p = c0?

(ii) The problem of determining tryi, (D) is an important one in the area of com-
binatorial optimization. Is it possible to find an efficient algorithm to compute
trmin(D) for D € Q,, by using the fact that tryin(D) = (|| D||%, +n —r3,(D))/2?

(iii) A theorem of von Neumann asserts that every unitarily invariant matrix norm
(i.e., a matrix norm such that |[UAV| = ||A]| for any unitary matrix U and V)
is a symmetric gauge function applied to the singular values [11, Thm. 7.4.7.2].
Can the results of the present paper be extended to this family of norms?
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