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A triangle
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Pythagorean theorem

c =
√
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A notion of distance
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What about 3 dimensions ?
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What about n dimensions ?

Definition
The Euclidean distance of a point x = (x1, x2, . . . , xn) ∈ Rn from the origin
is defined by

∥x∥2 =
√
x2
1 + x2

2 + · · ·+ x2
n .

• This defines a norm on Rn.
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What is a norm ?

Definition
If x ∈ Rn, a norm is any function f : Rn → R≥0 satisfying

1 f (αx) = |α|f (x) for any α ∈ R (Scalability).

2 f (x + y) ≤ f (x) + f (y) (Triangle inequality).
3 f (x) = 0 ⇐⇒ x = 0.

These functions are usually denoted by ∥ · ∥ with an appropriate index.

Example
If x = (x1, x2, . . . , xn) ∈ Rn, then

∥x∥p :=
(
|x1|p + |x2|p + · · ·+ |xn|p

) 1
p

is a norm for any p ∈ [1,∞].
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Generating matrix norms

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0

• Consider x := (x1, x2, . . . , xn2) ∈ Rn2
.

• Rearrange x to get

X =


x1 xn+1 · · · x(n−1)n+1
x2 xn+2 · · · x(n−1)n+2
...

...
. . .

...
xn x2n · · · xn2

 ∈ Rn×n.

=⇒ ∥X∥ := ∥x∥ is a matrix norm.
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An important property

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0

Definition
A function f defined on n × n real matrices is submultiplicative if for any
X ,Y ∈ Rn×n,

f (XY ) ≤ f (X )f (Y ).

• If an n × n matrix X is invertible and λ is an eigenvalue of X , then

∥X−1∥−1 ≤ |λ| ≤ ∥X∥.
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An interesting example

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0

• Taking the p-norms ∥ · ∥p in Rn2
yield the element-wise p-norms

∥X∥p :=

( n∑
i ,j=1

|xij |p
)1

p

.

• ∥ · ∥p is submultiplicative if and only if p ∈ [1, 2].

Example

If X = [ 1 1
1 1 ], then ∥X∥p = 41/p and ∥X · X∥p = 2 · 41/p. Hence,

2 · 41/p = ∥X · X∥p ≤ ∥X∥p∥X∥p = 42/p

if and only if p ≤ 2.
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Observation

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• Matrix norms which are not submultiplicative are not true matrix norms.

They are only vector norms disguised as matrix norms.

• Conclusion : Identifying the matrix norms which are submultiplicative is
an important problem.

Ludovick Bouthat (Université Laval) Les normes matricielles aléatoires SUMM 2024 12 / 19



Vector norms Matrix norms A new norm New results

Observation

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• Matrix norms which are not submultiplicative are not true matrix norms.
They are only vector norms disguised as matrix norms.

• Conclusion : Identifying the matrix norms which are submultiplicative is
an important problem.

Ludovick Bouthat (Université Laval) Les normes matricielles aléatoires SUMM 2024 12 / 19



Vector norms Matrix norms A new norm New results

Observation

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• Matrix norms which are not submultiplicative are not true matrix norms.
They are only vector norms disguised as matrix norms.

• Conclusion : Identifying the matrix norms which are submultiplicative is
an important problem.

Ludovick Bouthat (Université Laval) Les normes matricielles aléatoires SUMM 2024 12 / 19



Vector norms Matrix norms A new norm New results

A new surprising matrix norm

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

Theorem (Chávez, Garcia, Hurley ; 2023)
Suppose that

1 d ≥ 1 ;

2 X = (X1,X2, . . . ,Xn), where X1,X2, . . . ,Xn are independent and
identically distributed (iid) random variables ;

3 λ is the vector of eigenvalues of the matrix A.

Then

∥A∥X ,d := E
[
|⟨X ,λ⟩|d

]1
d
= E

[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]1
d

are matrix norms.
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Some properties

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• ∥A∥dX ,d = E
[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]

Theorem (Chávez, Garcia, Hurley ; 2023)
Under the previous hypothesis,

1 ∥UAU∗∥X ,d = ∥A∥X ,d for any unitary matrix U ;

2 ∥A∥X ,d ≤ ∥B∥X ,d if λ(A) is majorized by λ(B) ;
3 ∥A∥X ,d is continuous relative to d ;
4 ∥A∥X ,d is maybe submultiplicative... ?

• Question : Under which conditions the norms ∥A∥X ,d are
submultiplicative ?
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Example (d = 2)

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• ∥A∥dX ,d = E
[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]

• If d = 2, µ is the mean and σ is the standard deviation of the
distribution, then

∥A∥X ,2 =
√

σ2∥A∥2
2 + µ2| tr(A)|2.

Theorem (B. ; 2023)
∥A∥X ,2 is submultiplicative for any choice of distribution.
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The main result

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• ∥A∥dX ,d = E
[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]
• ∥A∥X ,2 is submultiplicative

Theorem (B. ; 2023)
∥A∥X ,d is submultiplicative for any d ≥ 1 and any choice of distribution.
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Sketch of proof (Part 1)

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• ∥A∥dX ,d = E
[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]
• ∥A∥X ,2 is submultiplicative

Theorem
Let N(·) be a matrix norm, and suppose that ∥ · ∥ is a submultiplicative
matrix norm such that

Cm∥A∥ ≤ N(A) ≤ CM∥A∥ for all A ∈ Mn

where Cm and CM are positive constants. Then CM
C2
m
N(·) is also a

submultiplicative matrix norm.
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Sketch of proof (Part 2)

• f (αx) = |α|f (x) • f (x + y) ≤ f (x) + f (y) • f (x) = 0 ⇐⇒ x = 0 • f (xy) ≤ f (x)f (y)

• ∥A∥dX ,d = E
[
|λ1X1 + λ2X2 + · · ·+ λnXn|d

]
• ∥A∥X ,2 is submultiplicative

Theorem (B. ; 2023)
For any d ≥ 1 and any distribution,

Cm∥A∥X ,2 ≤ ∥A∥X ,d ≤ CM∥A∥X ,2,

where Cm and CM depends only on d and not on the dimensions n of the
matrices nor on the underlying distribution.
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