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Vector norms
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A triangle

e What is ¢ equal to?

Pythagorean theorem

c=+Va?+ b?
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Vector norms
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A notion of distance
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Vector norms
[e]e] Tele]

What about 3 dimensions?
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Vector norms
[e]e]e] o]

What about n dimensions?

Definition

The Euclidean distance of a point x = (x1, x2, ..., X,) € R” from the origin
is defined by

Ixlla = /52 +5G ++- + 2
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Vector norms
[e]e]e] o]

What about n dimensions?

Definition
The Euclidean distance of a point x = (x1, x2, ..., X,) € R” from the origin
is defined by

Ixlla = /52 +5G ++- + 2

e This defines a norm on R".
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Vector norms
0000e

What is a norm 7

Definition
If x € R", a norm is any function f : R” — R satisfying
O f(ax) = |a|f(x) for any « € R (Scalability).
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What is a norm 7

Definition

If x € R", a norm is any function f : R” — R satisfying
O f(ax) = |a|f(x) for any « € R (Scalability).
® f(x+y)<f(x)+f(y) (Triangle inequality).

Ludovick Bouthat (Université Laval) Les normes matricielles aléatoires SUMM 2024



Vector norms
0000e

What is a norm 7

Definition

If x € R", a norm is any function f : R” — R satisfying
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Vector norms
0000e

What is a norm 7

Definition
If x € R", a norm is any function f : R” — R satisfying
O f(ax) = |a|f(x) for any « € R (Scalability).
® f(x+y)<f(x)+f(y) (Triangle inequality).
© f(x)=0 < x=0.
These functions are usually denoted by || - || with an appropriate index.
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Vector norms I\ iXx norms A new norm

0000e

What is a norm 7

Definition
If x € R", a norm is any function f : R” — R satisfying
O f(ax) = |a|f(x) for any « € R (Scalability).
® f(x+y)<f(x)+f(y) (Triangle inequality).
© f(x)=0 < x=0.
These functions are usually denoted by || - || with an appropriate index.

If x = (x1,x2,...,%,) € R", then

1
Ixllp := (bal? + bl + -+ + [xa|?) ?

is a norm for any p € [1, o).
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Matrix norms
@000

Generating matrix norms

of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

. 2
e Consider x := (x1,x2,...,%,;2) € R™.
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Matrix norms
@000

Generating matrix norms

of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

. 2
e Consider x := (x1,x2,...,%,;2) € R™.

e Rearrange x to get

X1 Xp+1 " X(p=1)n+1

X2 Xpt2 0 X(n—1)n42
x=|7" (UM o gmn,

Xp Xop - X2
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Matrix norms
@000

Generating matrix norms

of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

. 2
e Consider x := (x1,x2,...,%,;2) € R™.

e Rearrange x to get

X1 Xn+1 0 X(n—1)n+1
xo [ e g
Xn  Xon v Xp2
= || X]| := ||x|| is a matrix norm.
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Matrix norms
[o] le]e}

An important property

of(ax)=|alf(x) e f(x+y)<f(x)+f(y) ef(x)=0<= x=0

Definition

A function f defined on n x n real matrices is submultiplicative if for any
X,Y e R™",
f(XY) < F(X)F(Y).
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Matrix norms
[o] le]e}

An important property

of(ax)=|alf(x) e f(x+y)<f(x)+f(y) ef(x)=0<= x=0

Definition
A function f defined on n x n real matrices is submultiplicative if for any

X,Y € R™n,

FIXY) < F(X)F(Y).

e If an n x n matrix X is invertible and ) is an eigenvalue of X, then

IXTHTH < A< XL

SUMM 2024
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Matrix norms
[e]e] e}

An interesting example

of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

e Taking the p-norms || - ||, in R™ yield the element-wise p-norms
n 1
p
Xl = (X bb)
ij=1
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of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

e Taking the p-norms || - ||, in R™ yield the element-wise p-norms
n 1
p
Xl = (X bb)
ij=1

e || - || is submultiplicative if and only if p € [1,2].
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Matrix norms
[e]e] e}

An interesting example

of(ax) =|alf(x) e f(x+y)<Ff(x)+f(y) of(x)=0<+= x=0

e Taking the p-norms || - ||, in R™ yield the element-wise p-norms
n 1
p
Xl = (X bb)
ij=1

e || - || is submultiplicative if and only if p € [1,2].

If X =[11], then || X|[|, = 47 and || X - X||, = 2 - 4}/P. Hence,

2-4YP = X X|p < [IX][pllX]|, = 4%/7

if and only if p < 2.
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Matrix norms
[e]ele] ]

Observation

of(ax) = |olf(x) o F(x+Y) S FO)+FY) o F)=0 &= x=0 o f(xy) < F()F(y)

e Matrix norms which are not submultiplicative are not true matrix norms.
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Observation

of(ax) = |olf(x) o F(x+Y) S FO)+FY) o F)=0 &= x=0 o f(xy) < F()F(y)

e Matrix norms which are not submultiplicative are not true matrix norms.
They are only vector norms disguised as matrix norms.
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Matrix norms
[e]ele] ]

Observation

of(ax) = |olf(x) o F(x+Y) S FO)+FY) o F)=0 &= x=0 o f(xy) < F()F(y)

e Matrix norms which are not submultiplicative are not true matrix norms.
They are only vector norms disguised as matrix norms.

e Conclusion : Identifying the matrix norms which are submultiplicative is
an important problem.
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rix norms A new norm
O 000

A new surprising matrix norm

of(ax) =lalf(x) o f(x+y)<f(x)+f(y) of(x)=0 = x=0 o f(xy)<f(x)f(y)

Theorem (Chavez, Garcia, Hurley; 2023)
Suppose that
®d>1;
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Suppose that
®d>1;
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Vector norms Matrix norms A new norm
0000C 0000 ©00

A new surprising matrix norm

of(ax) =lalf(x) o f(x+y)<f(x)+f(y) of(x)=0 = x=0 o f(xy)<f(x)f(y)

Theorem (Chavez, Garcia, Hurley; 2023)
Suppose that
®d>1;

® X = (X1,Xa,...,Xy), where X1, Xa, ..., X, are independent and
identically distributed (iid) random variables ;

© \ is the vector of eigenvalues of the matrix A.
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X norms A new norm
000

A new surprising matrix norm

of(ax) =lalf(x) o f(x+y)<f(x)+f(y) of(x)=0 = x=0 o f(xy)<f(x)f(y)

Theorem (Chavez, Garcia, Hurley; 2023)
Suppose that
®d>1;

® X = (X1,Xa,...,Xy), where X1, Xa, ..., X, are independent and
identically distributed (iid) random variables ;

© \ is the vector of eigenvalues of the matrix A.
Then
JAlx.g = E[1(X, )]

Q=
Q=

- IE[|)\1X1 + AaXo + - + A Xn|?

are matrix norms.
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A new norm
o] o]

Some properties

of(ax) = lalf(x) o f(x+y) SF(x)+f(y) o f(x)=0 <= x=0 o f(xy)<F(x)f(y)
i HA”ggd =E[|AtX1 4+ A2Xo + -+ + A Xp|9]

Theorem (Chavez, Garcia, Hurley; 2023)
Under the previous hypothesis,

® ||UAU*||x.a = ||Allx.4 for any unitary matrix U ;
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Some properties

of(ax) = lalf(x) o f(x+y) SF(x)+f(y) o f(x)=0 <= x=0 o f(xy)<F(x)f(y)
i HA”ggd =E[|AtX1 4+ A2Xo + -+ + A Xp|9]

Theorem (Chavez, Garcia, Hurley; 2023)
Under the previous hypothesis,

® ||UAU*||x.a = ||Allx.4 for any unitary matrix U ;
® ||Allx.da <|IBllx.a if A\(A) is majorized by X(B);
© ||Al|x,q is continuous relative to d ;
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A new norm
o] o]

Some properties

of(ax) = lalf(x) o f(x+y) SF(x)+f(y) o f(x)=0 <= x=0 o f(xy)<F(x)f(y)
i HA”ggd =E[|AtX1 4+ A2Xo + -+ + A Xp|9]

Theorem (Chavez, Garcia, Hurley; 2023)
Under the previous hypothesis,

® ||UAU*||x.a = ||Allx.4 for any unitary matrix U ;
® ||Allx.da <|IBllx.a if A\(A) is majorized by X(B);
© ||Al|x,q is continuous relative to d ;

O ||Al|x,q is maybe submultiplicative... 7

e Question : Under which conditions the norms ||Al|x 4 are
submultiplicative ?
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A new norm
ooe

Example (d = 2)

of(ax)=|alf(x) e f(x+y)<f(x)+f(y) ef(x)=0 <= x=0 o f(xy)<f(x)f(y)
o lAl%.q = E[MX1 + A2Xo + -+ AnXa| ]

e If d =2, u is the mean and o is the standard deviation of the
distribution, then

1Allx2 = /o2 All3 + p2| tr(A) 2.
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A new norm
ooe

Example (d = 2)

of(ax)=|alf(x) e f(x+y)<f(x)+f(y) ef(x)=0 < x=0 o f(xy)<f(x)f(y)
o A% g = E[[MXt + doXo + - + AaXal 9]

e If d =2, u is the mean and o is the standard deviation of the
distribution, then

1Allx2 = /o2 All3 + p2| tr(A) 2.

Theorem (B. ; 2023)

|Al|x 2 is submultiplicative for any choice of distribution.
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New results
[ eJele]

The main result

of(ax) =lalf(x) e f(x+y)<f(x)+f(y) of(x)=0 = x=0 o f(xy)<f(x)f(y)
. HA”ng =E[|AtX1 4+ A2 Xz + -+ + AnXp|9] o ||Allx 2 is submultiplicative

Theorem (B. ; 2023)

|Al|x,q is submultiplicative for any d > 1 and any choice of distribution.
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New results
[e] Jele]

Sketch of proof (Part 1)

of(ax) =lalf(x) o f(x+y)<f(x)+f(y) of(x)=0 = x=0 o f(xy)<f(x)f(y)

. \|A||3’(?d =E[|AtX1 4+ A2Xo + -+ + AnXp|9] o ||Al|x 2 is submultiplicative
Theorem
Let N(-) be a matrix norm, and suppose that || - || is a submultiplicative

matrix norm such that

CnllAll < N(A) < Cu||A||  for all Ac M,

Cu

where Cp,, and Cy, are positive constants. Then o

submultiplicative matrix norm.

() is also a
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New results
[e]e] o]

Sketch of proof (Part 2)

of(ax) =|alf(x) o f(x+y)<f(x)+f(y) ef(x)=0 <= x=0 o f(xy)<f(x)f(y)
o |Al[% g = E[[MX1 + XXa + -+ A X5 |9] o ||Allx 2 is submultiplicative

Theorem (B. ; 2023)
For any d > 1 and any distribution,

CmllAllx2 < [[Allx,d < CullAllx,2,

where C,, and Cyy depends only on d and not on the dimensions n of the
matrices nor on the underlying distribution.
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New results
[e]e]e] )
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