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A famous quote

“All analysts spend half their time hunting
through the literature for inequalities which
they want to use and cannot prove.”

— G.H. Hardy
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Hilbert's inequality
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Hilbert's inequality

Theorem (Hilbert; 1906)

If (am) and (bp) are sequences of positive
numbers, then
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n=1
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David Hilbert
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Hilbert's inequality
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Hilbert's inequality (Optimal constant)

Theorem (Schur; 1911)

If (am) and (by) are sequences of positive

numbers, then
o \2
n=1

o0
<7 a
> 2mte < (5 4)
Moreover, the constant w is optimal.
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Issai Schur
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Hilbert's inequality (Generalization)

Theorem (G.H. Hardy, M. Riesz; 1920)

If (am) and (b,) are sequences of positive
numbers and p € (1,00), then

1
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m n sin
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Moreover, the constant mcosec(7) is optimal.

Marcel Riesz
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Hardy’s inequality
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Hardy's inequality

Theorem (Hardy, Riesz; 1920)

If (an) is a sequence of positive numbers and p € (1,00), then

i al+32+...+an P< p2 Pooap
n “\p-1) &7

n=1

Ludovick Bouthat (Université Laval) | Hardy's Inequality and Generalizations OMSC 2023



Hardy’s inequality
e0

Hardy's inequality

Theorem (Hardy, Riesz; 1920)

If (an) is a sequence of positive numbers and p € (1,00), then

i<a1+az+---+an)”< ( p )” S

i
et n p—1

. 2 \P .
Question : Is the constant (ﬁ) optimal ?
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Hardy’s inequality
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Hardy's inequality (Optimal constant)

Theorem (E. Landau; 1926)

If (ap) is a sequence of positive numbers and
p € (1,00), then

2 p P2
2(31-1-324- +an> S( P ) Zaﬁ
n p—]. n=1

n=1

p

Moreover, the constant (%) is optimal.

Edmund Landau
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Definitions
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The main goal

Hardy's inequality

n=1 k=1 n=1
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Definitions
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The main goal

Our inequality

n=1 keN, n=1
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The main goal

Our inequality

n=1 keN, n=1
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Definitions
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The main goal

Our inequality

n=1 n keN, n=1
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Definitions

Summation indices

® et N=N;UN,U--- be a partition of N.
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Definitions
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Definitions

Summation indices

® et N=N;UN,U--- be a partition of N.
o let Ny :=NiUNU---UN,,.
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Definitions
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Definitions

Summation indices

® et N=N;UN,U--- be a partition of N.
o let Ny :=NiUNU---UN,,.

Observation : N7 C N> T N3 C -+
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Definitions

[e]e] o]

Definitions

Summation indices

® et N=N;UN,U--- be a partition of N.
o let Ny :=NiUNU---UN,,.

Observation : N7 C N> T N3 C -+

Let Ny = {1,2,3} and N, = {2""1 + 1,271 42 ... 2"} if n> 2. Then

M =1{1,2,3}, N,={1,2,...,2"} ifn>2
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Definitions
Weights

ON:NluNQU'~~ [ ] ,,I:N1UN2U"'UN,,

® (mp)n>1 is a sequence of positive numbers (individual weights).
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Definitions
[e]ele] ]

Definitions
Weights

ON:NluNQU'~~ [ ] ,,I:N1UN2U"'UN,,

® (mp)n>1 is a sequence of positive numbers (individual weights).

o= (X))

keN,
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Definitions
[e]ele] ]

Definitions
Weights

ON:NluNQU'~~ [ ] ,,I:N1UN2U"'UN,,

® (mp)n>1 is a sequence of positive numbers (individual weights).

1/q
. w, < T mg> |
keN,
° M, := Z wy (overall weights).

k=1
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Definitions
[e]ele] ]

Definitions
Weights

ON:NluNQU'~~ [ ] ,,I:N1UN2U"'UN,,

® (mp)n>1 is a sequence of positive numbers (individual weights).

cwn= (S )

keN,
n
° M, := Z wy (overall weights).
k=1
— 1
® p:=sup (W )
a1\ ; M
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Generalizations
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Main result

oN=MNUNU--- o N, =N U---UN, e (mp) is a sequence of positive numbers
1 n

o Wn = (Len, mi) 1 e My = D k=1 Wk ® P = SUPp>1 <W" 2k l/Mk>
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Generalizations

[ Jele]e)

Main result

oN=MNUNU--- o N, =N U---UN, e (mp) is a sequence of positive numbers

o wni= (Seen, M) 0 Mai= 320w ® pI=SUPyx <Wn 2k 1/Mk>

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (ap)n>1 be a sequence of complex numbers, and let (mp),>1 be a

sequence of weights. Define M,, and p as above, and assume that p is
finite. Then

o0
Z Z miag| < p Z|a,,|”
n=1 " keN,
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Generalizations

o] lele)

Main result

oeN=NUNU-- e N, =N, U---UN,

e (mp) is a sequence of positive numbers
1/q n - T\
'”ﬁ:—'(E:keNn”M) ® Mn

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (ap)n>1 be a sequence of complex numbers, and let (mp),>1 be a

sequence of weights. Define M,, and p as above, and assume that p is
finite. Then

o0
Z Z miag| < p Z|a,,|”
n=1 " keN,
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ilbert’s inequality 1y's inequality

Generalizations
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Main result

oeN=NUNU--

® Wn = (ZkeNn ’"k)l/q

Sa1/M)

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers, and let (m,)n>1 and
(Mp)n>1 be two sequences of weights. If

° P—
o= sup w3 LAt twi)

MP
B2 k=n k

is finite, then

o0
Z L kaak < pZ]anV’

n=1|"" keN,
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Generalizations
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oN=MNUNU--- o N, =N U---UN, e (mp) is a sequence of positive numbers
) e
o wy = (Xhen, M) 7 : f=1 Wk ® p:=sup 1/M/<>
p== >

If N, = {n}, m, =1and M, = n'*¢ (¢ > 0) for all n > 1, then
o N,={1,2,...,n};

([ ] Wn:]_'

o
Z 1
[} = sSu — S 1 + e) < 0Q.
p nZF; k=n k1+p5 C-( p )
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Generalizations
[e]e]e] )

oN=MNUNU--- e N,:=NU---UN, e (mp) is a sequence of positive numbers
e

ow, = (ZkeNn mZ)l/q . : 2wy

If N, = {n}, m, =1and M, = n'*¢ (¢ > 0) for all n > 1, then
o N,={1,2,...,n};

([ ] Wn:]_'

o
Z 1
[} = sSu — S 1 + e) < 0Q.
p nZF; k=n k1+p5 C-( p )

@ |, 4 e P ()
Lt
= ) | < +pe) > JanlP.

n=1 n=1
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Applications
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Lacunary sequence

A sequence (ny)x>1 of positive integers satisfy the Hadamard gap

condition if there exist some r > 1 such that

Ng41
Ng

>, (k>1).

Whenever this is the case, (ng)x>1 is called a lacunary sequence of ratio r.
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[ Jelelele}

Lacunary sequence

Definition

A sequence (ny)x>1 of positive integers satisfy the Hadamard gap
condition if there exist some r > 1 such that

Ng41
Ng

>, (k>1).

Whenever this is the case, (ng)x>1 is called a lacunary sequence of ratio r.

If r > 1, (r*)k>1 is a lacunary sequence of ratio r.
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Applications
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Corollaries

An application to lacunary sequences

Corollary (B., Mashreghi, Morneau-Guérin ; 2023)
Let (an)n>1 be a sequence of complex numbers, and let (ny),>1 be a

lacunary sequence of ratio r. If p € (1,00), then

') 1 Ny P rl/q P o
_ . - P
S5 < (ams S
n—=

k=111 = j=1
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Corollaries

An extreme case : Geometric sequences

Theorem (B., Mashreghi, Morneau-Guérin ; 2023)

Let (an)n>1 be a sequence of complex numbers and let b > 2 be an
integer. Then

00 bk 2
\fl 2
kZ > *Zm-

j=1

Moreover, the constant gti is optimal and the above inequality is strict,
except if (ap)n>1 is the null sequence.
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Applications
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Corollaries

An extreme case : Geometric sequences

If b=4, then
%9 1 4n 2 [e9)
D an| 2| < 3> lanl
n=1 k=1 n=1

Moreover, the constant 3 is optimal.
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