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A new surprising matrix norm

Theorem (Chavez, Garcia, Hurley; 2023)
Suppose that
0d>1,;

O X = (X1, Xa,...,X,), where X1, Xa,..., X, € LYQ, F,P) are
independent and identically distributed (iid) random variables ;

© ) is the vector of eigenvalues of the matrix A.

Then

Q=

1
JAllxa = E[[X N1 = E[aXy + doXo + -+ AnXol?

are matrix norms on the space of Hermitian matrices.
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A new norm

o] e}

An interesting extension

o [IA% g = E[IAa X1 + AaXo + - + AnXn|7]

Proposition (Aguilar, Chavez, Garcia, Vol¢i¢, 2022; B. , 2024)

The function

1 o 1/d
IZ1xa = 5rg [ €92+ €27 o
7T(o//z)
defines a norm on M,(C) which restricts to || - ||x.4 on the space of
Hermitian matrices.
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Some properties
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/

Theorem (B., Chavez, Garcia, Hurley; 2023)
Under the previous hypothesis,

® |UZU*||x.da = |1 Zllx,a for any unitary matrix U ;
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Under the previous hypothesis,

® |UZU*||x.da = |1 Zllx,a for any unitary matrix U ;
® ||Z||x 4 is continuous relative to d ;
© || Zlx.q, < Zllx.a, if di <da;

@ ’”Zl ”|X,d S |”ZZH‘X,d If)\(Zl) is majorized by A(ZQ) 7
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A new norm
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Some properties

Loy i —it 7%
AL = E[MXi+20Xe 4+ MXald] 0 120Gy = () ST e Z + e 27 g dt

Theorem (B., Chavez, Garcia, Hurley; 2023)
Under the previous hypothesis,

® |UZU*||x.da = |1 Zllx,a for any unitary matrix U ;

® ||Z||x 4 is continuous relative to d ;

© [ Zlx.a0, <1 Zllx,e, if L < do;

O [|Zillx.a < | Z2llx.q if AM(Z1) is majorized by A(Z2)
O ||Z||x,q is maybe submultiplicative... ?
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Some examples
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Normal random variables

Loy i —it 7%
oAl g =E[MXi+XaXo+ -+ X Xal?] 0 [ Z1% g = 5 (s00)  Joo €t Z +e 27§ 4t
/

Example (d = 4)

1Z% 4 = 1*(tr 2)%(tr Z°)? + p20? te(Z7)? 1(Z°) + p0?(tr Z)? r(Z°2)
+ 4202 (tr Z)(tr Z*)(tr Z* Z) + 20*(tr Z* 2)? 4 o* tr(Z2) tr(Z*2).
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[ Jeele]e}

Normal random variables

. HA”de =E[|JAXt +XXo+ -+ /\,,X,,\d} . H|ZH|X q= 7(d/2) j etz + e*"tZ*H‘)’(,ddt

Example (d = 4)

1Z% 4 = 1*(tr 2)%(tr Z°)? + p20? te(Z7)? 1(Z°) + p0?(tr Z)? r(Z°2)
+ 4202 (tr Z)(tr Z*)(tr Z* Z) + 20*(tr Z* 2)? 4 o* tr(Z2) tr(Z*2).

Example (A is Hermitian)

1/d
2 rA2
IAlx,a = V20| Allr < ? r(‘”1)1F1<— 3 _ga(ztAll)ED ’

where 1F1(«; ; z) is Kummer's confluent hypergeometric function.
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Some examples
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Normal random variables

-1 con i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) o €7+ e 75 4 dt

A X

NE
W

(Left) Unit circles for || - || x,q with d = 1,2,4.5,10, 18, in which X7, X, are normal

random variables with ;1 = ¢ = 1. (Right) Unit circles for || - ||x 10, in which

X1, Xz are normal random variables with = —2,—1,0,1,6 and variance o2 = 1.
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Uniform and exponential random variable

“1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) o €7+ e 75 4 dt

Example (Uniform random variable on (—1,1); d =6; A'is

Hermitian)

A% 6 = g5 (35(tr A%)> — 42tr(A%) tr(A%) + 16 tr(A°)).
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Uniform and exponential random variable

Loy i —it 7%
o[ Al% g =E[AXe+2Xo + -+ X0 Xal ] @ I ZI% g = 55 (a50) Jo €2 + e 27§ gt

Example (Uniform random variable on (—1,1); d =6; A'is
Hermitian)

A% 6 = g5 (35(tr A%)> — 42tr(A%) tr(A%) + 16 tr(A°)).

Example (d is even; A is Hermitian)

A% s = d' ha(As, A2 An) =db D> g+ Ay,

1<k <--<ky<n

where hy is the complete homogeneous symmetric polynomial of degree d.
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Some examples
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More figures

“1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) Jo e Z + e Z*||g 4 dt

Lo i
—rg — 4

(Left) Unit circles for || - || x,q with d = 1,2,3,4,20, in which X; and Xy are
exponential random variables. (Right) Unit circles for || - ||x,4 with d = 2,4,6,8,
in which X; and X3 are Uniform random variables on [—1, 1].
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Some examples
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Spectral graph theory

“1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) o €7+ e 75 4 dt

e Several random vector norms can distinguish singularly cospectral graphs
(graphs with the same singular values) that are not adjacency cospectral.
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Some examples

[e]e]ele] }

Spectral graph theory

Loy i —it 7%
AL = E[MXi+20Xe 4+ MXald] 0 120Gy = () ST e Z + e 27 g dt

e Several random vector norms can distinguish singularly cospectral graphs
(graphs with the same singular values) that are not adjacency cospectral.

Let K .=

L—
—H_O
—OR

(ﬂ and let X; ~ (1,1/2). Then

K 0 JAlF =2v3

. -1,-1,-1,
— A‘[o K}’U(A)_ {4} = A 6 = 1350°

_|0 K _[-1-1, 1, IAllF = 2v3
O A=y flew- ) = RS
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Motivation
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A small rant...

“1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) Jo e Z + e Z*||g 4 dt

e The vector space (M,,+) of n X n square matrices is identical to the
2
vector space (C"", +).
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Motivation
[ JeJele]

A small rant...

-1 ,or . it s
. HAIIS’H = IE[|)\1X1 + X0+ -+ /\anM ° H|ZH|g(d = %(ddz) o2 HeltZ +e 7 Hi,ddt
/

e The vector space (M,,+) of n X n square matrices is identical to the
vector space (C™, +).

e The only difference is the existence of matrix multiplication in M,.

= Matrix norms which are not submultiplicative are only vector norms
disguised as matrix norms.

Definition

A function f : M, — R is submultiplicative if for any X, Y € M,,

f(XY) < f(X)f(Y).
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Main question

Under which conditions on the distribution underlying the random vector X
is the matrix norm || - ||x 4 submultiplicative 7
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Main question
Under which conditions on the distribution underlying the random vector X
is the matrix norm || - ||x 4 submultiplicative 7

The same question on || - || x 4, although much simpler, is ill-defined since
the set of Hermitian matrices is not closed under matrix multiplication.
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A small rant... Part 2

—1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xn|9] o IZl%q= %(472) Jo e Z + e Z*||g 4 dt

o If || - || is a norm, then 7| - || is a norm for any v > 0 with essentially the
same geometry and properties as the original norm.
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o If || - || is a norm, then 7| - || is a norm for any v > 0 with essentially the
same geometry and properties as the original norm.

e For v > 0 large enough, v||AB|| < (v]|Al[)(v||B]|) for all A, B € M,.

— Every matrix norm is submultiplicative, up to scalar multiplication.
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A small rant... Part 2

Loy i —it 7%
oAl g =E[MXi+XoXo+ -+ X Xal?] 0 [ Z1% g = 5 (s00)  Joo €M Z +e 27§ 4t
/

o If || - || is a norm, then 7| - || is a norm for any v > 0 with essentially the
same geometry and properties as the original norm.

e For v > 0 large enough, v||AB|| < (v]|Al[)(v||B]|) for all A, B € M,.
— Every matrix norm is submultiplicative, up to scalar multiplication.

e In several context, it is desirable that v > 0 can be chosen to be
independent of the dimension n of the matrices. This yield a single

submultiplicative matrix norm instead of a family of submultiplicative
matrix norm.
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What about || - [|x.4 7
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Main question (Correct version)

Under which conditions on the distribution underlying the random vector X
does there exist a constant v > 0 independent of n such that the matrix
norm || - || x4 is submultiplicative ?
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What about || - [|x.4 7

-1 ,or . it s
. HAIIS’H = IE[|)\1X1 + X0+ -+ /\anM ° H|ZH|§(d = %(ddz) o2 Heltz +e 7 Hi,ddt
/

Main question (Correct version)

Under which conditions on the distribution underlying the random vector X
does there exist a constant v > 0 independent of n such that the matrix
norm || - || x4 is submultiplicative ?

If such a ~y exists, then one can consider the random vector vX. It follows
that || - [lyx,d = V[ - [x,4 is submultiplicative.
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New results
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The main result

—1 210 it o
A% g = E[MXa+ 02X -+ AaXal ] @ 1Zl%y = 25 (5) Jo" €2 + e 27§ 4t
/

Theorem (B. , 2024)

Let d > 1 and X = (X1, X2, ..., Xy), where X1, Xo,..., X, € LP(Q, F, P)
are iid random variables and p = max{d,n} for some n > 2. Then there
exists a constant 74 > 0, independent of n, such that vq4||Z| x4 is a
submultiplicative matrix norm on M,

In particular, there exists a constant v4 > 0, independent of n, such that
YdllZ|| x4 is a submultiplicative matrix norm on M, for any d > 2.
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The case d =2

“1 2w i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= %(472) Jo e Z + e Z*||g 4 dt

o If d =2, u is the mean, and o is the standard deviation of the
distribution of X1, Xa,..., X, € L2(Q, F, P), then

12llx.2> = \/UQHZH%JFMU(Z)P-
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The case d =2

-1 ,or . it s
. HAIIS’H = IE[|)\1X1 + X0+ -+ /\anM ° H|ZH|§(d = %(ddz) o2 Heltz +e 7 Hi,ddt
/

o If d =2, u is the mean, and o is the standard deviation of the
distribution of X1, Xa,..., X, € L2(Q, F, P), then

1Zlx2 = /0?1 ZIE + 2| (2)[2.

Theorem (B. , 2024)

Let d =2 and X = (X1, Xa,. .., X,) where X1, Xz, ..., X, € LYQ, F, P)
are iid random variables. Then 7”751“2 IZl|x 2 is a submultiplicative matrix

/ ~+2 2
norm on M,,. Moreover, the constant VI e optimal.

o2
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Sketch of proof (Part 1)
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/

Theorem (Folklore)

Let N(-) be a matrix norm, and suppose that || - || is a submultiplicative
matrix norm such that

CullAll < N(A) < CullAll for all A€ M,

where Cp, and Cp are positive constants. Then % () is also a
submultiplicative matrix norm.
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000 00000 0000 000000

Sketch of proof (Part 2)

Loy i —it 7%
o |AlI% g = E[[MX1 + X Xa + -+ + A Xp|9] o IZl%q= ﬁ(‘f/jz) Jo le*Z + e 2|5 g dt

Theorem (B., 2024)

Let X = (X1, Xa,...,Xn), where X1, Xa,..., X, € LP(Q, F, P) are iid
random variables of pth standardized absolute moment fi,.

Then ifp=d > 2,

_ 1/d

d\ e Bajiq

Va(,)  12Ix2 < 1 Zlxa < 4( B4 ) 1zixa
2(a72)

and if1<d<2andp>2,
. \d=2\1/d —1/d
(2B,fip)o > d
4(";’ 122 <120xa < V2( ) 12lxa
8(d/2)

where B, is the constant in the Marcinkiewicz—Zygmund inequality.
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Open questions

@ For 1 < d < 2, does there exists a constant 4 > 0, independent of n,
such that 74| Z||x 4 is a submultiplicative matrix norm, even if
Xi ¢ LP(Q, F,P) for p>27
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® Can we characterize the distributions that give rise to norms || - || x 4
which, under multiplication by a scalar 4 independent of n, remain a
norm when d — 00 ?

Ludovick Bouthat (Université Laval) On Random Matrix Norms WCLAM 2024



New results
[e]e]ele] o)

Open questions

@ For 1 < d < 2, does there exists a constant 4 > 0, independent of n,
such that 74| Z||x 4 is a submultiplicative matrix norm, even if
Xi ¢ LP(Q, F,P) for p>27

® Can we characterize the distributions that give rise to norms || - || x 4
which, under multiplication by a scalar 4 independent of n, remain a
norm when d — 00 ?

© Can we generalize these norms to compact operators on
infinite-dimensional Hilbert spaces?

Ludovick Bouthat (Université Laval) On Random Matrix Norms WCLAM 2024



New results
[e]e]ele] o)

Open questions

@ For 1 < d < 2, does there exists a constant 4 > 0, independent of n,
such that 74| Z||x 4 is a submultiplicative matrix norm, even if
Xi ¢ LP(Q, F,P) for p>27

® Can we characterize the distributions that give rise to norms || - || x 4
which, under multiplication by a scalar 4 independent of n, remain a
norm when d — 00 ?

© Can we generalize these norms to compact operators on
infinite-dimensional Hilbert spaces?

© Can we characterize the norms || - || x4 that arise from an inner
product ?
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