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HARDY–TYPE INEQUALITIES FOR �p SEQUENCES

LUDOVICK BOUTHAT, JAVAD MASHREGHI AND FRÉDÉRIC MORNEAU-GUÉRIN ∗

(Communicated by A. Witkowski)

Abstract. We establish three Hardy-type inequalities in which the arithmetic means of a se-
quence of non-negative real numbers are replaced by the weighted means over nested subsets of
the sequence. This work originated from some delicate calculations previously performed for
evaluating the norm of infinite L -matrices.

1. Introduction

In his Presidential Address at the meeting of the London Mathematical Society, on
November 8, 1928, the great Cambridge mathematician Godfrey Harold Hardy reported
the Danish analyst Harald Bohr as saying “All analysts spend half their time hunting
through the literature for inequalities which they want to use and cannot prove” [21,
Preface]. This assertion – which, obviously, is a bit of an overstatement – aptly conveys
the idea that inequalities form an essential part of virtually all branches of mathematics.
Their usefulness is reflected in the vast literature that exists on the subject.

The Hardy inequality is a prominent example of an inequality that was first derived
as a tool to prove a theorem (or, to be more precise, to simplify the proof of some
other inequality) but that quickly and unexpectedly took on a life of its own. Indeed,
it was not long before the great independent interest of this inequality was realized.
It was then studied in its own right by countless mathematicians and acquired several
useful variants. It eventually turned out to assume an important role in other areas of
mathematics, most notably in the theory of partial differential equations.

The source of motivation for Hardy, when he undertook the research process that
led him to state and prove what is now called the Hardy inequality, appears to be a
theorem demonstrated by David Hilbert. This theorem, derived in the course of an
investigations in the theory of integral equation [19], asserts that the double series

∞

∑
m=1

∞

∑
n=1

aman

m+n
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with positive terms am � 0 converges whenever ∑∞
m=1 a2

m is convergent. More pre-
cisely, Hilbert showed that

∞

∑
m=1

∞

∑
n=1

aman

m+n
� 2π

∞

∑
m=1

a2
m. (1)

At least four essentially different proofs of this beautiful fact were published in a
few years period:

(1) The original proof of Hilbert, which depends upon the theory of Fourier series, was
published in [14] in 1906. It was also outlined by his doctoral student H. Weyl in
1908 in his doctoral dissertation [29] as well as in [28].

(2) An elementary yet unnatural proof was obtained by F. W. Wiener in 1910 and it
appeared in [30].

(3) I. Schur provided a proof depending upon the theory of quadratic and bilinear forms
in an infinity of variables in 1911 in [27].

(4) In the same paper, Schur also derived a second proof relying on a change of vari-
ables in a double integral. By Hardy’s standard, it is this latter proof that was “the
most elegant of all” [12].

The determination that the constant 2π in (1) may be replaced by π , in which
case the inequality is sharp, is also due to Schur. However, none of the aforementioned
proofs being considered “as simple and elementary as might be desired” by Hardy.
He then worked yet another proof in 1918 which seemed to him “to lack nothing in
simplicity” [12].

Hardy’s elementary proof, which was published the following year in [11], con-
sists in deriving Hilbert’s inequality as an easy corollary to the following statement: if
∑∞

n=1 a2
n is convergent, then so is

∞

∑
n=1

(
a1 +a2 + · · ·+an

n

)2

.

Hardy perspicaciously reflected in [12] that this inequality (which he had already
hinted at under a slightly different form and with only a sketch of proof in a 1915 paper
[10]) “seems to be of some interest in itself ”.

Upon hearing about the above inequality from Hardy, a frequent collaborator, Mar-
cel Riesz came up with an alternative proof leading to the following generalization : if
p > 1 , an � 0 and ∑∞

n=1 ap
n is convergent, then

∞

∑
n=1

(
a1 +a2 + · · ·+an

n

)p

�
(

p2

p−1

)p ∞

∑
n=1

ap
n . (2)
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Riesz’s proof as well as a short historical account of the events that led to its dis-
covery was published in 1920 by Hardy [12]. Interestingly, towards the end of the text
Hardy indicates that he is well aware that the inequality (2) remains true for all rel-
evant sequences if the constant

(
p2/(p−1)

)p
is replaced by some smaller constant.

Somewhat surprisingly, although everything indicates that he believed that the smaller
constant (p/(p−1))p was sharp (one reason for this was a proof “sent to him by Prof.
Schur by letter” that this was at least the case for p = 2), Hardy stopped short of assert-
ing it outright. Instead, he goes on saying “It would be interesting to know what is the
best constant which can appear on the right hand side [of (2)]”. This shortcoming was
remedied when E. Landau provided Hardy with a proof that the constant (p/(p−1))p

is indeed sharp in a letter to Hardy – dated June 21, 1921 – that was published five years
later [22].

In his 1920 note, also provided without proof, was the following integral formula-
tion : if p > 1 , a > 0 , f (x) � 0 , and

∫ ∞
a f (x)p dx is convergent, then

∫ ∞

a

(
1
x

∫ x

a
f (t) dt

)p

dx �
(

p
p−1

)p ∫ ∞

a
f p(x) dx.

A plethora of alternative proofs of Hardy’s inequality have been given by various
authors in the following years. See for example the work of T. A. A. Broadbent [4], E.
B. Elliott [7], K. Grandjot [8], G. H. Hardy himself [13], T. Kaluza and G. Szegö [15],
and K. Knopp [16].

Nowadays, the literature on the Hardy inequality, its variations, its generalizations,
and its applications is so vast (on an indicative basis, a search on MathSciNet for pa-
pers containing the words “Hardy inequality” in the title returned more than a thousand
results to display) that an exhaustive list of reference is simply impossible. Let it there-
fore suffice to cite a few prominent contributions, such as the following monographs
[2, 5, 6, 18, 24]. For a simple and accessible presentation of the Hardy inequality as well
as some of its extensions and applications, we refer to [23]. For a thorough overview of
Hardy inequalities on time scales, see [1]. For a comprehensive look at weighted Hardy
inequalities, we point towards [21]. As for an extensive treatment of Hardy inequalities
and closely related topics from the point of view of Folland and Stein’s homogeneous
groups, see [26]. For a very detailed presentation of the history of the Hardy inequality,
see [19, 20]. Lastly, the following article offers a quite enlightening uchronia [25].

The objective of the present paper is to establish three Hardy-type inequalities in
which the arithmetic means are replaced by some weighted arithmetic means. The form
of these inequalities closely resemble that of the classical Hardy inequality. E.g., see the
inequality (3). But, strictly speaking, none of them constitute a proper generalization
of (2). The structure of this note is as follows. Following a brief overview, in Section 2,
of the context surrounding our results, we present in Section 3 the two results that form
the core of this article. In Section 4, we provide a proof of our first main theorem. The
following Section contains a complete proof of a corollary applying to lacunary series.
Finally, in Section 6 we give a proof of our second main theorem.
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2. Some elements of context

In studying semi-infinite matrices which represent a linear bounded operator on
the sequence space �2 , the inequality

∞

∑
n=1

1
4n

∣∣∣∣∣
4n

∑
j=1

a j

∣∣∣∣∣
2

� C
∞

∑
n=1

|an|2, (3)

where C is a positive constant, appeared in the calculation [3, Example 2]. The verifi-
cation of this simple-looking inequality was not straightforward. However, after com-
pleting the first steps then applying the inequality in the initial context, we naturally
asked whether the inequality (3) is a special case of a more general one or not. The
purpose of the present note is to establish a generalization of (3).

To set the stage, let us introduce some notation: let (an)n�1 be a sequence of
complex numbers in �2 , i.e.,

∞

∑
n=1

|an|2 < ∞.

Given a strictly increasing sequence of positive numbers (nk)k�1 , let mk � 0, Mk > 0,
k � 1, and consider the average-like combinations

bk :=
1

Mk

nk

∑
j=1

mja j, (k � 1).

We seek conditions on mk , Mk , and nk , such that the sequence (bn)n�1 belongs to �2

and that its norm is controlled by the norm of (an)n�1 , i.e.,

∞

∑
n=1

|bn|2 � C
∞

∑
n=1

|an|2,

or, more explicitly,∣∣∣∣∣ 1
M1

n1

∑
j=1

mja j

∣∣∣∣∣
2

+

∣∣∣∣∣ 1
M2

n2

∑
j=1

mja j

∣∣∣∣∣
2

+ · · · � C
∞

∑
n=1

|an|2. (4)

Clearly, the inequality (3) is a special case of (4).

3. Main results

In this section, we present a variation of (4), even slightly more general, in which
the parameters mj , Mj and n j are intertwined. Let N denote the set of positive inte-
gers, and let

N = N1 ∪N2 ∪·· ·
be a partition of N . Put

Nn := N1∪·· · ∪Nn, (n � 1).
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The Nn ’s form an increasing nested sequence of sets that exhaust N , i.e.,

N1 � N2 � N3 � · · · ,

and

N =
∞⋃

n=1

Nn.

Let (mn)n�1 be a sequence of weights (positive numbers) and p > 1 and q > 1 be
conjugate exponents, i.e., 1

p + 1
q = 1, and let us define

wn :=

(
∑
j∈Nn

mq
j

)1/q

, (n � 1), (5)

and

Mn :=
n

∑
j=1

wj, (n � 1). (6)

In the following, we will consider the sequence

1
Mn

∑
j∈Nn

m ja j,

which can be interpreted as some sort of weighted arithmetic average of (an)n�1 . How-
ever, note that it is in fact not a usual weighted arithmetic average since in general,
∑ j∈Nn m j �= Mn .

As we shall see, the quantity that connects the above parameters and that plays a
major role below is

ρ := sup
n�1

(
wn

∞

∑
j=n

1
Mj

)1/p

. (7)

THEOREM 1. Let (an)n�1 be a sequence of complex numbers, and let (mn)n�1

be a sequence of weights. Define Mn and ρ as in (6) and (7) respectively, and assume
that ρ is finite. Then

(
∞

∑
n=1

∣∣∣∣∣ 1
Mn

∑
j∈Nn

m ja j

∣∣∣∣∣
p)1/p

� ρ

(
∞

∑
n=1

|an|p
)1/p

. (8)

Observe that for mj = 1 ( j � 1), Mn = n1+ε (ε > 0) , and Nn = {n} (n � 1) ,
we obtain a weak Hardy inequality, namely an inequality of the very same form as the
classical Hardy inequality but with a suboptimal constant and the denominator on the
left-hand side replaced by n1+ε .
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REMARK 1. More generally, if (Mn)n�1 is any given sequence of positive num-
bers (as opposed to being defined by (6)), then (8) remain true if ρ is replaced by the
constant

sup
n�1

(
wn

∞

∑
k=n

(w1 + · · ·+wk)
p−1

Mp
k

)1/p

,

whenever it is finite. We shall prove this fact and Theorem 1 in one stroke in the
following section.

We say that a sequence (nk)k�1 of positive integers satisfy the Hadamard gap
condition if

nk+1

nk
� r > 1, (k � 1).

Whenever this is the case, (nk)k�1 is called a lacunary sequence of ratio r (see [9, 17]).

COROLLARY 1. Let (an)n�1 be a sequence of complex numbers, and let (nk)k�1
be a lacunary series with ratio r . If p,q ∈ (1,∞) are such that 1

p + 1
q = 1 , then

(
∞

∑
k=1

∣∣∣∣∣ 1

n1/q
k

nk

∑
j=1

a j

∣∣∣∣∣
p)1/p

� r1/q

r1/q−1

(
∞

∑
n=1

|an|p
)1/p

.

If the sequence nk is geometric, i.e., nk = bk for some b > 1, then in the particular
case of p = 2 we can go even further and establish the following result in which the
constant is optimal.

THEOREM 2. Let (an)n�1 be a sequence of complex numbers and let b > 1 be an
integer. Then ⎛

⎝ ∞

∑
k=1

1
bk

∣∣∣∣∣
bk

∑
j=1

a j

∣∣∣∣∣
2
⎞
⎠

1/2

�
√

b+1√
b−1

(
∞

∑
n=1

|an|2
)1/2

. (9)

Moreover, the constant
√

b+1√
b−1

is sharp and the above inequality is strict, except if

(an)n�1 is the null sequence.

To conclude this section, we present a nontrivial example illustrating an applica-
tion of Theorem 1.

EXAMPLE 1. Let p = q = 2. Consider (Nn)n�1 where

Nn := {2n−1, . . . ,2n−1},

a partition of N . Let us define (mn)n�1 as the sequence which takes the value n for all
indices in Nn . Then, one can verify that

wn = 2(n−1)/2 ·n, (n � 1)
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and

Mn =
n

∑
k=1

2(k−1)/2 · k, (n � 1).

Furthermore,

ρ =

(
w1

∞

∑
j=1

1
Mj

)1/2

≈ 1.21.

Hence (8) holds true for all square-summable sequences (an)n�1 .

4. Proof of Theorem 1

Observe that

∑
j∈Nn

|mja j| = ∑
j∈N1∪···∪Nn

|mja j|

= ∑
j∈N1

|mja j|+ ∑
j∈N2

|mja j|+ · · ·+ ∑
j∈Nn

|mja j|.

Applying Hölder’s inequality individually to each of the latter sums yields

∑
j∈Nn

|mja j|

�
(

∑
j∈N1

mq
j

)1/q

·
(

∑
j∈N1

|a j|p
)1/p

+ · · ·+
(

∑
j∈Nn

mq
j

)1/q

·
(

∑
j∈Nn

|a j|p
)1/p

= w1

(
∑
j∈N1

|a j|p
)1/p

+ · · ·+wn

(
∑
j∈Nn

|a j|p
)1/p

=
n

∑
k=1

wk ·
(

∑
j∈Nk

|a j|p
)1/p

.

The next non-trivial step consists of reformulating the latter term as

n

∑
k=1

w1/q
k ·

⎡
⎣w1/p

k

(
∑
j∈Nk

|a j|p
)1/p

⎤
⎦ ,

and to then apply, once more, Hölder’s inequality to obtain

∑
j∈Nn

|mja j| � (w1 + · · ·+wn)1/q

(
w1 ∑

j∈N1

|a j|p + · · ·+wn ∑
j∈Nn

|a j|p
)1/p

. (10)

By (7), we can rewrite this estimation as∣∣∣∣∣ 1
Mn

∑
j∈Nn

m ja j

∣∣∣∣∣
p

� W1,n ∑
j∈N1

|a j|p + · · · +Wn,n ∑
j∈Nn

|a j|p,
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where

Wn,k :=
wn (w1 + · · · +wk)

p−1

Mp
k

.

If we write these inequalities for n � 1 and add them up, we see that

∞

∑
n=1

∣∣∣∣∣ 1
Mn

∑
j∈Nn

m ja j

∣∣∣∣∣
p

�
∞

∑
n=1

(
W1,n ∑

j∈N1

|a j|p + · · · +Wn,n ∑
j∈Nn

|a j|p
)

=
∞

∑
n=1

[(
∞

∑
k=n

Wn,k

)
∑
j∈Nn

|a j|p
]

�
∞

∑
n=1

ρ p ∑
j∈Nn

|a j|p

= ρ p
∞

∑
n=1

|an|p

where ρ = supn�1

(
∑∞

j=nWn, j
)1/p . Since by (6), Mn = w1 + · · · +wn , we have Wn, j =

wn
Mj

and we are done. �

5. Proof of Corollary 1

Let N1 = {1,2, . . . ,n1} and

Nk = {nk−1 +1,nk−1 +2, . . . ,nk}, (k � 2),

mk = 1 for all k � 1, and Mk = n1/q
k . Then, by (5),

w1 =

(
∑
j∈N1

mq
j

)1/q

=

(
n1

∑
j=1

mq
j

)1/q

= n1/q
1

and

wk =

(
∑
j∈Nk

mq
j

)1/q

=

(
nk

∑
j=nk−1+1

mq
j

)1/q

= (nk −nk−1)1/q, (k � 2).

In any case,

wk � n1/q
k , (k � 1) (11)

By Remark 1, we thus have

(
∞

∑
k=1

∣∣∣∣∣ 1

n1/q
k

nk

∑
j=1

a j

∣∣∣∣∣
p)1/p

� ρ

(
∞

∑
k=1

|ak|p
)1/p
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where ρ = supm�1

(
∑∞

j=m
wm(w1+···+wj)p−1

Mp
j

)1/p

. However, by (11) and using the fact

that nk � rk− jn j , we find that

wm (w1 + · · ·+wj)
p−1

Mp
j

�
n1/q

m

(
r(1− j)/qn1/q

j + · · ·+n1/q
j

)p−1

np/q
j

=
(

nm

n j

)1/q(
1+ r−1/q + · · ·+ r−( j−1)/q

)p−1

� r(m− j)/q

(
r1/q

r1/q−1

)p−1

.

Hence,

∞

∑
j=m

wm (w1 + · · ·+wj)
p−1

Mp
j

�
(

r1/q

r1/q−1

)p−1 ∞

∑
j=m

r(m− j)/q

=

(
r1/q

r1/q−1

)p−1 ∞

∑
s=0

r−s/q

=

(
r1/q

r1/q−1

)p−1(
r1/q

r1/q−1

)

=

(
r1/q

r1/q−1

)p

and it follows that ρ � r1/q

r1/q−1
. �

6. Proof of Theorem 2

The notations are as in the Corollary 1 and the proof has some overlap. However,
we need more precise calculation here. By (5),

w1 =

(
∑
j∈N1

m2
j

)1/2

=

(
n1

∑
j=1

m2
j

)1/2

=
√

n1 =
√

b

and, for k � 2,

wk =

(
∑
j∈Nk

m2
j

)1/2

=

(
nk

∑
j=nk−1+1

m2
j

)1/2

=
√

nk −nk−1

=
√

bk −bk−1 =
√

b−1
√

b
k−1

.
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Hence,

w1 + · · · +wk =
√

b+
√

b−1(
√

b+
√

b
2
+ · · ·+

√
b

k−1
)

=
√

b+
√

b−1

√
b

k −√
b√

b−1
.

Therefore, by (10),

∣∣∣∣∣
nk

∑
j=1

a j

∣∣∣∣∣
2

� (w1 + · · · +wn)

(
w1 ∑

j∈N1

a2
j + · · · +wn ∑

j∈Nn

a2
j

)

=
(√

b+
√

b−1

√
b

k −√
b√

b−1

)

·
(√

b ∑
j∈N1

a2
j + · · ·+√

b−1
√

b
k−1 ∑

j∈Nk

a2
j

)
,

which gives

∣∣∣∣∣ 1√
nk

nk

∑
j=1

a j

∣∣∣∣∣
2

�
√

b+
√

b−1
√

b
k−√

b√
b−1

bk

(
w1 ∑

j∈N1

a2
j + · · · +wk ∑

j∈Nk

a2
j

)
.

For k � 1, write

Wk :=
bk

√
b+

√
b−1

√
b
k−√

b√
b−1

.

Then,

∞

∑
k=1

∣∣∣∣∣ 1√
nk

nk

∑
j=1

a j

∣∣∣∣∣
2

�
∞

∑
k=1

1
Wk

(
w1 ∑

j∈N1

a2
j + · · ·+wk ∑

j∈Nk

a2
j

)

=
∞

∑
k=1

[(
wk

∞

∑
j=k

1
Wj

)
∑
j∈Nk

a2
j

]

� ρ ′
∞

∑
k=1

∑
j∈Nk

a2
j

= ρ ′
∞

∑
j=1

a2
j ,
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where ρ ′ = sup
k�1

[
wk ∑∞

j=k
1

Wj

]
. But

w1

∞

∑
j=1

1
Wj

=
√

b
∞

∑
j=1

1
Wj

=
√

b
∞

∑
j=1

√
b+

√
b−1

√
b
k−√

b√
b−1

bk

=
√

b−1+
√

b(
√

b−1)
b−1

<
(1+

√
b)2

b−1

and, for k � 2,

wk

∞

∑
j=k

1
Wj

=
√

b−1
√

b
k−1 ∞

∑
j=k

√
b+

√
b−1

√
b
k−√

b√
b−1

bk

=
(1+

√
b)2 +

√
b

2−k
(
√

b−1−√
b−1)

b−1

<
(1+

√
b)2

b−1
.

Hence

ρ ′ <
(1+

√
b)2

b−1
,

thus proving the required inequality. Moreover, since the above inequality is strict, this
also prove the fact that (9) is always strict except if (an)n�1 is the null sequence.

To prove that this constant is sharp, we provide a specific non-trivial example for
which equality is attained. Let

a j = r−k, ( j ∈ Nk, k � 1),

where r >
√

b (a restriction that will be needed later). Then

1√
nk

nk

∑
j=1

a j =
1√
b

k

(
b · r−1 +

k

∑
j=2

(b j −b j−1) · r− j

)

=
1√
b

k

(
b
r

+
b−1

b

k

∑
j=2

(
b
r

) j
)

=
1√
b

k

(
b
r

+
b−1

b
· b
(
b− r(b/r)k

)
r(r−b)

)

=
b

r
√

b
k

(
r−1− (b−1)(b/r)k−1

r−b

)
.
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Hence, ∣∣∣∣∣ 1√
nk

nk

∑
j=1

a j

∣∣∣∣∣
2

=
b2

r2bk

(
r−1− (b−1)(b/r)k−1

r−b

)2

=
b2

r2bk ·
(r−1)2−2(r−1)(b−1)(b/r)k−1 +(b−1)2(b/r)2k−2

(r−b)2

=
(r−1)2

(r−b)2

(
b2

r2

(
1
b

)k

−2
b(b−1)
r(r−1)

(
1
r

)k

+
(b−1)2

(r−1)2

(
b
r2

)k)
.

Summing up these expressions with respect to k � 1 gives

∞

∑
k=1

∣∣∣∣∣ 1√
nk

nk

∑
j=1

a j

∣∣∣∣∣
2

=
b2

r2(r−b)2

(
(r−1)2

b−1
− 2r(b−1)

b
+

r2(b−1)2

b(r2−b)

)
.

Moreover,

∞

∑
n=1

|an|2 = b · r−2 +
∞

∑
n=2

(bn−bn−1) · r−2n

=
b
r2 +

b−1
b

∞

∑
n=2

(
b
r2

)n

=
b
r2 +

b−1
b

· b2

r2(r2−b)

=
b(r2 −1)
r2(r2 −b)

.

Hence, in the light of our inequality,

C2 �
∑∞

k=1

∣∣∣ 1√
nk

∑nk
j=1 a j

∣∣∣2
∑∞

n=1 |an|2 ,

and we have

C2 � b(r2−b)
(r2 −1)(r−b)2

(
(r−1)2

b−1
− 2r(b−1)

b
+

r2(b−1)2

b(r2 −b)

)

=
b(r2−b)

(r2 −1)(r−b)2

(
(r−1)2

b−1
− 2r(b−1)

b

)
+

r2(b−1)2

(r2 −1)(r−b)2 .

It suffices to let r →√
b to deduce

C �
√

b+1√
b−1

. �
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