The p-norm of circulant matrices

Ludovick Bouthat

Université Laval

Joint Mathematics Meetings; April 6, 2022

Ludovick Bouthat (Université Laval) The p-norm of circulant matrices JMM 2022



Acknowledgement

This research is a collaborate effort with Pr. Apoorva Khare, Pr. Javad
Mashreghi and Pr. Frédéric Morneau-Guérin.

It was done with the financial help of the NSERC Graduate Scholarships.

NSERC
CRSNG

Ludovick Bouthat (Université Laval) The p-norm of circulant matrices JMM 2022



Introduction The norm of A(n, a, b) eral norms The maximizing vectors Concluding remarks
900000000 000 o 50

Doubly stochastic matrices

A square matrix is doubly stochastic if:
® nonnegative coefficients;
® row sums = 1;

® column sums = 1.

The set of doubly stochastic matrices of order n is denoted by Q,,.

0.1 03 0.6
D = (04 02 04
05 05 0

Ludovick Bouthat (Université Laval) The p-norm of circulant matrices JMM 2022 3/26



Introduction
0e000000

Geometric interpretation

Theorem (Birkhoff; 1946)

- o 2 - - .
Q, is a convex polytope in R™ of dimension (n — 1)? with the n!
permutation matrices as its vertices.
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Geometric interpretation

Theorem (Birkhoff; 1946)

- o 2 - - .
Q, is a convex polytope in R™ of dimension (n — 1)? with the n!
permutation matrices as its vertices.

e Q, is vertex-symmetric and edges-symmetric.

Ludovick Bouthat (Université Laval)

The p-norm of circulant matrices JMM 2022



Introduction
0e000000

Geometric interpretation

Theorem (Birkhoff; 1946)

- o 2 - - .
Q, is a convex polytope in R™ of dimension (n — 1)? with the n!
permutation matrices as its vertices.

e Q, is vertex-symmetric and edges-symmetric.

1 .- 1

e The matrix J,:= — |1 .. 1| is the geometrical centroid of Q.
n
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The Chebyshev radius

Definition

Let £ be a bounded set of a norm-induced metric space (|| - ||,U). The
Chebyshev radius R(E) of £ is the smallest radius of a bounding sphere of
E. The Chebyshev center C(&) of £ is the center of the bounding sphere
for which the minimum is attained.

Figure: The Chebyshev radius and the Chebyshev center of £.
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Permutation-invariant matrix norm

Definition
A matrix norm || - || is permutation-invariant if
IQAP|| = [|A]

for every permutation matrix P and Q.

Every matrix norm induced by a permutation-invariant vector norm is a
permutation-invariant matrix norm.
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The Chebyshev radius and center of €2,

Proposition

If || - || is a permutation-invariant matrix norm, then the Chebyshev center
of Q, is the matrix J,, and the Chebyshev radius is given by

R(Qn) = ||In - Jn“-
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The operator norm from ¢P — (P

Lemma

If || - |lee— 0 denote the operator norm from (P — (P, then
1
llh = Jnllp s = [l = Jnlleeseee = 2 (1 - ;>
&
“ln = Jn”g2_>g2 = 1.
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A generalization

Open question: Determine the operator norm from ¢P — (P of

a b b b
b a b - b
A(n,a,b) = (a—b)l,+bnJ, = |b b a b
b b b a
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A generalization

Open question: Determine the operator norm from ¢P — (P of

a b b b
b a b - b
A(n,a,b) = (a—b)l,+bnJ, = |b b a b
b b b a

e In particular, we have I, — J, = A(n, =2, - 1),
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Circulant matrices

Definition

efinition
Let ag,...,a, be real numbers. A circulant matrix is an n X n matrix of
the form

a1 ar az - Qp
Qp Q1 Q2 - Op_1

Circ(ag,...,ay) = | ®-1 @n 1 -+ Qp-2

ay a3 Q4 o Qq
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The norm of A(n, a, b)

Positive case

Ifay,...,a, >0, then

| Circ(ar, ..., an)llpsep = @14+ ap.
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Concluding remarks

The norm of A(n, a, b)

Positive case

Ifaq,...,a, >0, then

| Circ(ar, ..., an)llpsep = @14+ ap.

v

Corollary
Ifa,b >0, then

HA(n,a,b)Hepﬁgp = (n—l)b+a.
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The spectral norm of A(n, —a, b)

Theorem (B., Khare, Mashreghi, Morneau-Guérin; 2021)
Ifa,b >0, then

a+b if (n—2)b

A P 7b =
|A(n, =a, b)[[ 22 {(n—l)b—a if (n—2)b=2a.
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The p-norm of A(n, —a, b)

Theorem (B., Khare, Mashreghi, Morneau-Guérin; 2021)
If a,b> 0 and A= A(n,—a,b), then for all p > 2,

2 1-2
Alpse < [Alese < AL LlAIE..

Moreover, the upper bound becomes an equality if p = 2, co.
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The p-norm of A(n, —a, b)

Theorem (B., Khare, Mashreghi, Morneau-Guérin; 2021)
Ifa,b >0 and A= A(n,—a, b), then for all p > 2,

2 1-2
Alese < [Aleoe < [AIZP Al .

Moreover, the upper bound becomes an equality if p = 2, co.

Theorem (Sahasranand; 2022)

If a,b >0 and A= A(n,—a, b), then for all p > 2,
monotonically non-decreasing in p.

AH@P_)ZP is
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More general norms

Let || - || be a matrix norm and U be an n x n matrix. Then

[UX]| x
|Ulle = sup{ X eC™ X #0
X1

is the left operator norm induced by || - || of U and

XU .
P = XelC™" X
I sup{ X € 40

is the right operator norm induced by || - || of U.
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A general result

Let || - || be a norm on C"™" which satisfies

|ldiag(ai,...,an)| = max{|ail,...,|an|} (1)

and let A € C"™" be a normal matrix which admits the decomposition
Udiag(\1, ..., An) U*. Then for each polynomial p in two variables,

Ip(A, A< [[UllellU™ (|- max {[p(Ar; Ad)l; - - [P(An, An)l }

and

" 1 — _
(A, A%)[| = mmaX{!P(Al,)\l)!,---,\P()\m)\n)\}-
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Application to circulant matrices

o Let A= Circ(aq,...,an) be a circulant matrix and let
Pa(z) = a1 + apz + -+ + ap,z" ! be its associated polynomial. Let
Wy := 2™/ and define

010 0
001 0
C, := Circ(0,1,0,...,0) = [0 0 O 0
100 0

Then A admits the decomposition

A = PAWLGW,) = Wdiag(Pa(1), Pa(wn), -  Palwn ™)) Wy

n
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Application to circulant matrices

Corollary

Let A= Circ(au,...,an) and let || - || be a matrix norm satisfying (1).
Then
1Al < (IWallel Wi ll- max {|Pa(1)], - .., [Pa(wr I},
and "
Al > e max {[Pa(1)] -, [Pa(wn I}
WAl Tl ™ L
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Application to circulant matrices

Corollary

Let A= Circ(au,...,an) and let || - || be a matrix norm satisfying (1).
Then
1Al < (IWallel Wi ll- max {|Pa(1)], - .., [Pa(wr I},
and "
Al > e max {[Pa(1)] -, [Pa(wn I}
WAl Tl ™ L

Unfortunately, this does not yield better results than what was previously
known for the particular cases A(n, —a, b) and I, — J,.
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An interesting case

Proposition

If|| - || is @ matrix norm on C"*" satisfying ||l|| = 1, then the left operator
norm and the right operator norm coincide with the norm itself.
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More general norms
O000e

An interesting case

Proposition

If || - || is @ matrix norm on C"*" satisfying ||I|| = 1, then the left operator
norm and the right operator norm coincide with the norm itself.

The left operator norm and the right operator norm does not always
coincide with the norm itself. For instance, for the Frobenius norm || - ||,
we have

e =[Mll-=1 < V=]l

Ludovick Bouthat (Université Laval) The p-norm of circulant matrices JMM 2022



The maximizing vectors oncluding remarks

Introduc The norm of A(n, a, b) eral norms
( @00

Definition

Definition

Let A € M,(R). The maximizing vectors of HIIALTI‘LP are the vectors x € R”
for which

= |All¢p—see-

ol

Let
1 0
)
lAx]|
lIx1lp

Then the maximizing vectors of
where a € R and a # 0.

are those of the form x = (a,0)T,
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The maximizing vectors of A(n, —a, b)

Proposition (B., Mashreghi, Morneau-Guérin; 2022)

Let a, b > 0, with at least one of them non-zero and let A = A(n, —a, b).
Suppose that n > 2 and that 1 < p < oo, withp #2. If xeR" isa

||'|i\:|(|”" , then the entries of x form a set of cardinality
P

maximizing vector of
at most three.
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The maximizing vectors of A(n, —a, b)

Proposition (B., Mashreghi, Morneau-Guérin; 2022)

Let a,b > 0, with at least one of them non-zero and let A = A(n, —a, b).
Suppose that n > 2 and that 1 < p < oo, withp #2. If xeR" isa

‘lﬁ:h”" , then the entries of x form a set of cardinality
P

maximizing vector of
at most three.

Under the previous hypothesis, the entries of x form a set of cardinality at
most two.
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The special case 1, — J,

Let 1 < p<oo, withp#2andp:=p—1. Let x, be the unique root of
the function

X —> p(l—{—X%) (1—Xp_1)—|— (1—X1;Pp> (14 x”)

in the interval [0, 1], and let my := Lﬁ”pr and myp = [lfxp]. Suppose
that the previous Conjecture is valid. Then

(- +1) ((-v#

Mln — Jnllee—er = max
mée{my,mz}

33/
[
[
+
[y
N——
T
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Concluding remarks

Generalized measures of statistical dispersion

If x € R" and p € [1,0), then the p-deviation of x is

1 n 1/p
Dy(x) = ;Z|x,-f?|f’ :
i=1

X1t+Xo+-+Xn

where X := L
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Concluding remarks

The p-generalized variance

Let x € R" and p € [1,00). We have the identity

nDg(x) = [[(ln = Jn)x|I5-
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Concluding remarks

The p-generalized variance

Let x € R" and p € [1,00). We have the identity

nDg(x) = [[(ln = Jn)x|I5-

Dp(x)

Ix[lp

Determining ||l — Jn|lee—ep <= Maximizing
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Concluding remarks

A connection with harmonic analysis

Let P, denote the space of polynomials of degree at most n. We may
interpret A = A(n, —a, b) as an operator on P,_1. More explicitly, for each
polynomial f(z) = ag + a1z + -+ +ap_12""1 € P,_1, we have

(Af)(z) = —(a+b)f(2)+b(ao+ a1+ + an1)p(2),

where

o(z) = 14z+...4+2"L.
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Concluding remarks

A connection with harmonic analysis

e Using this interpretation, we get

Aller—see < a+ b+ bnllelr1(Ty,

where )
& . db
_ i6
lellrry = /0 lp(e )!g-
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Concluding remarks

A connection with harmonic analysis

e Using this interpretation, we get

[Allepee < a+ b+ bnllel1ry,

2 . do
i0
lelaay = [ oI5

where

Question: Can variations of the above estimation lead to a precise formula
for [|Alls—,en7
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