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RIMS Kokyiroku Bessatsu
B93 (2023), 183-222

On the norm of normal matrices

By

Ludovick BouTHAT*, Javad MASHREGHI** and Frédéric
MORNEAU-GUERIN***

Abstract

In this article, we present some recent results related to the calculation of the induced
p-norm of n x n circulant matrices A(n,a,b) with diagonal entries equal to a € R and off-
diagonal entries equal to b € R. For circulant matrices with nonnegative entries, an explicit
formula for the induced p-norm (1 < p < o0) is given, whereas for A(n,—a,b), a > 0 the
situation is no longer so simple and calls for a more subtle analysis. As a matter of fact, while
the 2-norm of A(n,—a,b) is precisely determined, the exact value of the induced p-norm for
1 < p < oo, p# 2, still remains elusive. Nevertheless, we provide a lower bound as well as
two different categories of upper bounds. As an indication of not being far from the exact
values, our estimates coincide at both ends points (i.e., p = 1 and p = o0) as well as at p = 2
with the precise values. As an abstract approach, we also introduce the x-algebra generated
by a normal matrix A accompanied by an axis-oriented norm, and obtain some estimations
of the norm of elements of the x-algebra. We then exhibit the connection between the new
generalized estimates and the previously obtained estimates in the special case where A is a
circulant matrix. Finally, using an optimization-oriented approach, we provide insight on the
H‘ml”p. This leads us to formulate a conjecture that, if
proven valid, would make it possible to derive an exact formula for the induced p-norm of
A(n, a,b) whenever a = =" and b= .

nature of the maximizing vectors for
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§1. Introduction

Given positive integers m,n > 2, let C"™*™ denote the set of m x n matrices

with entries in the complex field C. For ag,aq,...,a,_1 € C, the circulant matrix
circ(ag, a1, ..., ap—1) is defined as
Qo Qa1 Q2 - Op-1
Op—-1 Gp Q1 " Qp-2
circ(ag, 1, -+, Q1) = [i—jlil oy = | ¥n—2 -1 Qo Qp—3
aq Qa9 Q3 -+ O

The index k in ay is always calculated mod n, and thus runs between 0 and n — 1. The
circulant matrices are a very special type of square Toeplitz matrices [20, Chapter 4].

According to the mathematician and historian of early linear algebra Thomas Muir
[39, Vol 2., Ch. 14], circulant matrices were first introduced, although somewhat im-
plicitly, by Eugene Catalan in [9] in 1846. More than half a century elapsed, however,
before the systematic study of this important class of matrices began to gain significant
momentum. The first comprehensive monograph dedicated to the study of the various
properties of circulant matrices, dating from 1979, was penned by Davis [16].

In recent years, circulant and block-circulant matrices have become omnipresent in
many sub-disciplines of mathematics. For reasons that will become apparent later in
our presentation, these matrices naturally prove themselves to be of fundamental im-
portance in areas of mathematics where the roots of unity come into play. Additionally,
they also have a wide range of applications in various parts of modern and classical
mathematics. For instance, they have been used in the study of functional equations
with several complex variables [46], in solving polynomial equations [30, 5], in solving
various ordinary and partial differential equations [13, 17, 45, 34|, in image processing
[47], in signal processing [1, 25], in numerical analysis [12, 31, 48], in Wiener-Hopf equa-
tions [10, 7, 36, 6, 42|, in information theory [21], and in various branches of operator
theory (see [2, 27, 26, 22, 11, 18, 24, 29, 14, 28, 38, 32] and references therein). It goes
without saying that, due to the abundance of contributions, our treatment is by no
means exhaustive.

In order to provide a more refined definition of circulant matrices, we first need
to introduce a particular operator, the right circular shift, that is acting on vectors of
length n by operating a rearrangement of their entries consisting in moving the final
entry to the first position while shifting all other entries to the next position. Formally,
a right circular shift is an operator S : C* — C™ defined by

S(Oéo,a/l, - ,(l/n_l) = (an_l,ao, Ce ,a/n_g).
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One can view A := circ(ag,@1,...,a,-1) as the n x n matrix whose rows are given
by iterations of the right circular shift acting on the vector (ag, aq,...,a,—1), i.e., for
k=1,...,n, the k-th row of 4 is S* Y (ag, a1,...,n_1).

By identifying a circulant matrix with its first row, one can see that circ,(C), the
set of all complex-valued n x n circulant matrices, forms an n-dimensional vector space
with respect to the usual operations of matrix addition and multiplication of matrices
by scalars. This space can be interpreted as the space of complex-valued functions on
Z/nZ, the cyclic group of order n. For more information concerning the circular shift
operator and its connections with circulant matrices, we point the reader to the very
detailed treatment given by Fuhrmann in [19, § 5.2 and § 5.3].

§ 2. Organization of the paper and a sketch of the main results

Recall that a function || - || : C™*™ — [0, 00) is a matriz norm or a ring norm if,
for all A, B € C™*" it satisfies the following five axioms:

1) [|A] >0, Nonnegativity,
(ii) ||A|l = 0 if and only if A =0, Positivity,
(iii) [|AA] = |AlJA]| for all scalar A, Homogeneity,
(iv) A+ Bl < [[Al + Bl Subadditivity,
(v) [[AB]| < |AlllIBI], Submultiplicativity.

The first four properties of a matrix norm are identical to the axioms for a norm. Since
the set of m xn matrices with complex entries, can be equated to with the set of vectors
of length m x n with complex entries, it does makes sense to endow C"*™ with a norm
that does not satisfy property (v). In order to avoid any confusion, such norms shall be
called vector norms.

Suppose that a vector norm || - [, on C™ and a vector norm || - ||g on C™ are given.
Then any m x n matrix A represents, with respect to the canonical basis, a linear
operator from C™ to C™. We define the corresponding induced matriz norm or operator
norm or lub norm (this acronym stands for the least upper bound norm) on the space

C™*" of all m X n matrices as

Az
|Allamp = sup {M cxeC” x# O} .
]|
The notation ||A|o—p is a shorter replacement for || Al(cn |..)=@m,|-|5)- Throughout
this paper, the only operator norms that we shall consider are those induced by p-norms
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for vectors. Recall that, for p > 1, the p-norm of vector z = (x1,...,z,) is defined by
n 1/p
bl = (i)
k=1

and the co-norm is

|z|loo = max{|z1],...,|zn|}

It is customary, in particular in operator theory texts, to denote the vector space C"
endowed by the vector p-norm by ¢;(C).

In this note, our main objective is a comprehensive study of the induced p-norm
of a special class of circulant matrices, acting as operators from ¢}(C) to £;(C). The
circulant matrices under consideration are those with the diagonal entries equal to a € R
and the off-diagonal entries equal to b € R, i.e.,

a bbb
b ab---b

(21) A(n’a,b) = b ba---0» ,
bbb--a

where a,b € R. However, via a normalization process, it suffices to consider the following
two cases: A(n,a,b) and A(n,—a,b), where a,b > 0.

Since the A(n,a,b)’s are matrices with real entries, it may appear that there is
some ambiguity as to whether they are acting on R™ or on C™, and thus possibly ends
with different p-norms for the real and complex cases. As a matter of fact, this is not
an issue as it was shown by Taylor in [44] (1958) that for any m x n matrix B with real
entries and all ¢ > p > 1, the induced norm

|Bllp—q = sup {M T F# 0}
[l
is the same whether x runs through all non-zero vectors with complex entries or only
through all non-zero vectors with real entries. Note that the author points out that a
proof of this result had been sketched in an earlier paper (1927) by M. Riesz [40]. Also,
we refer to Crouzeix [15] since this is, to the best of our knowledge, the most simple
and direct proof of this result in the case that is considered here.

Our interest for estimating the induced p-norms of A(n,=+a,b) stems from other
studies of the geometry of the set of doubly stochastic matrices. Indeed, one can verify
that the Chebyshev radius of the n-dimensional Birkhoff polytope, i.e., the greatest
lower bound of the radii of all balls containing D,,, with respect to the induced p-norm
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(1 <p < o0) is given by

1
R,(D,) = HI— —-K )
e lp—p
where [ is the n xn identity matrix and K is the n x n all-ones matrix. This corresponds
to the induced p-norm of —A (n, 1_7", %)

In Section 3 of the present paper, we discuss some recent results (see [8, 41]) related
to the calculation of ||A(n,xa,b)||,—p for a,b > 0 and 1 < p < co. We shall see that
the negative sign plays a crucial role, as the p-norms of A(n,a,b) and A(n, —a,b) differ
significantly. Indeed,

||A(n7a7b)||p%p = a-+ (n - 1)67 (1 <p< OO)?

whereas ||A(n, —a,b)||,—p is a non-constant function of p that is monotonically non-
increasing for 1 < p < 2 and monotonically non-decreasing for 2 < p < co (see [41]),
with

a+b, if (n —2)b < 2a,

[A(n, —a,b)|l2-2 = .
—a+ (n—1)b, if (n —2)b > 2a.

But the exact value of the induced p-norm of A(n, —a,b) for 1 < p < 0o, p # 2, remains
unknown. However, the following lower and upper bounds

a+b < A —a,b)pop < nlp 2@ +b) if (n — 2)b < 2a,

(n—1b-a < [|[A(n,—a,b)|lpsp < 0373 (n—1)b—a) if(n—2)b> 2a,

were obtained in [8]. Here, as a novel contribution, we provide a proof of the following

refined estimates

2_1
a+b<|[A(n, —a,b)|[p—p < (a+D) (%)h | if (n — 2)b < 2a,

(n—1)b—a < ||[A(n, —a,b)|lysp < (n—1)b — a) (En_%) if (n — 2)b > 2a.

In Section 4, we take a wider perspective and investigate the induced p-norm of
elements of the x-algebra generated by a normal matrix A in the case where || - || is an
axis-oriented matrix norm. We then discuss how these estimates are related to those
mentioned above in the case where A is a circulant matrix.

Finally, in Section 5 we open some new fronts in dealing with the question that was
initially attracted our interest in estimating the induced p-norm of circulant matrices of
the form given by (2.1). By leveraging the power of an optimization-oriented approach,

we gain insights on the nature of the maximizing vectors for H"&ﬂ””. This leads us to
p
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formulate a conjecture that, if proven valid, would make it possible to derive an exact
formula for || — LK ||, .

§ 3. The induced p-norm of circulant matrices

As versatile and pervasive as circulant matrices are, a great deal of their key prop-
erties can be established using only elementary linear algebra. In this section, we will

present those properties that shall prove useful later on.

§3.1. The DFT matrix

The following cyclic permutation matrix of order n

Cp, = circ(0,1,0,...,0) = Do
00O0---0
100---00

is regarded as the basic circulant matriz. Indeed, C), has the fundamental representation
property

(31) A = O_/oI-i—OélCn+0420721+"'+04n_107?_1 = PA(Cn),
where A = circ(ag, a1,...,a,_1) and P4 is the polynomial
Palz) = ag+ a1z +agz® +- -+ a,_12" L

This polynomial is called the associated polynomial, or representer (see [16, 33]), of the
circulant matrix A.
The characteristic polynomial of C,, is pc, (A) = A" — 1, and thus its eigenvalues
are
A= Wl 0<j<n-1,

where w,, = exp(27i/n) is a primitive n-th root of unity. The corresponding normalized

eigenvectors are

1 - , .
z; = —(Lwl w¥, ... WD) 0<j<n-1

\/ﬁ ) n ?

Since these vectors are pairwise orthogonal, we deduce the diagonalization

(3.2) Cn = Wydiag(l,wy,w?, ..., w" Y W7,
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where W, is the unitary matrix of order n whose columns are xg,x1,...,x,_1. More
explicitly,
1 1 1 1
1wy w2 wn—2 wn—1
1 1 w? wi w,%(n_2) wi(n_l)
(3.3) W, = % : . : :
1 wn—? wr(ln—2)2 wq(ln—2)2 wﬁb”_Q)(”_l)
1 wnt w2 = D)(n=2) CL)T(Ln—l)2

The sequence wF, k > 0, is periodic, and thus there are only n distinct elements in W,,.
For example,

11 1 1
11 i =1

W, = =

4 211 -11 -1

1 =1 -1 1

As a matter of fact, W,, is a most remarkable matrix: it is easily established that it is
symmetric, i.e. WI = W,,, and unitary, i.e., W1 = W* = WJ . The combination of
these properties means that W, ! = W,,. Moreover, it is the Vandermonde matrix for
the roots of unity up to a normalization factor. What is more essential is that W, is
closely related to F,,, the unitary Discrete Fourier Transform (DFT) matrix [16, § 2.5]
of order n which was introduced by Sylvester in 1867 [43]. Indeed, W,, = F} = F,,.
Finally, we deduce from (3.1), (3.2), and C' = I the following essential representation.
If A € circ,,(C) then

(3.4) A = W, diag(Pa(1),Pa(wy), Pa(w?),...,Palwr™ ")) Wy

This means that the unitary matrix W,, simultaneously diagonalizes all n x n circulant
matrices. For further details see [16, § 3.2].

It follows from the foregoing that, P(z), the associated polynomial of a given
A € circ,(C) is actually closely related to pa(z), the characteristic polynomial of A.
Indeed, P4(z) is the unique polynomial of degree strictly less than n whose values at
wl,j=0,1,...,n—1, spans over each and every one of eigenvalues of A (counted with
multiplicity), whereas pa(z) is the unique monic polynomial of degree n that vanishes
precisely at the eigenvalues of A.

To conclude this introductory commentary, remark that, in the light of above obser-
vations, one can easily check that the product of two circulant matrices is again circulant
and that, for this set of matrices, multiplication is commutative. Thus, circ,,(C) forms
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a commutative x-algebra over C, with involution given by the conjugate transpose. Fur-
thermore, circ, (C) is canonically isomorphic to diag, (C), the set of all complex-valued
diagonal matrices of order n.

§ 3.2. The induced p-norm of A(n,+a,b), Cases p=1 and p = o

As previously mentioned, we seek to find the induced p-norm of the circulant ma-
trices A(n,+a,b) as given by (2.1). For p = oo, the situation is straightforward. Indeed,
given any matrix A € C"*", we have

n
E i T
j=1

n
This shows that ||A|lccmee < max |a; j|. For the reverse inequality, we choose an
1

n

< |zl max > a;

1<i<n

|Az]|coc = max
1<i<n

Jj=1

~ 1<i<n [T
— = j_

index 1 < 79 < n that realizes the maximum in the previous expression and we consider
x € C™ such that x; := sgn(a;,,;), where sgn(z) denotes the complex signum function
defined as

i’ Z 0’

sgn(z) = < I 7

0, z=0.

Hence, ||z]/s =1 and

n

n
= 231 |aio,i| = 1??%2 |a;,5]-
P —

71=1

>

|Az|lee = Jmax

n
E :ai,jxj
=1

1=

n
E :aiovjxj
j=1

Therefore,

[Allooso0 = max Zlai,j|7

1<i<n

J=1

which is simply the maximum absolute row sum of the matrix. In particular, for a,b > 0
and for A(n,=+a,b) as given by (2.1), we have

[A(n, £a,b)[|cos00 = lal + (n —1)[b].
From the above calculation, we can directly also infer that
[A(n, £a,b)[[1-1 = |a + (n —1)[b].

Indeed ||A|l,—p = ||A||q—q for Holder conjugate indices p and ¢, since A is self-adjoint
[23, § 5.4 and Theorem 5.3.35]. Nevertheless, we provide a different detailed proof,
which is interesting in its own right. Given any x € C", consider a partition of a
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matrix A € C"*" according to its columns as A = [a1]az] - - -|a,] € C**™. The triangle
inequality gives

Az, =

n
xia;

Z I 1<j<n

j=1 ==

n
< D Mzl llaglly = ol max Jlasl,
p j=1

This shows that || A1, < max |la;||p. For the reverse inequality, we choose an index
<j<n

1 < jo < n that realizes the maximum in the previous expression and we consider the
canonical basis vector ej,, i.e., the vector whose components are all zero, except the
Jo-th that equals one. Then

el = llaslp = max ol
Hence,
Aoy = max a1l

For p = 1, this is simply the maximum absolute column sum of the matrix. In particular,
for a,b > 0 and for A(n,+a,b) as given by (2.1), we have

[A(n, +a,b)[i51 = [a] + (n —1)]b].
As a by-product, we also deduce

1A(n, £a,0)[15p = (Ja” + (n — 1)[b?) /.

§ 3.3. The induced p-norm of A(n,+a,b), Case p =2

For 1 < p < oo, the situation is no longer so simple. One cannot easily calculate
the induced p-norm of A(n,+a,b) by inspection. As a matter of fact, we shall see
that the sign of the real number a plays a crucial role as the p-norms of A(n,a,b)
and A(n,—a,b) are entirely different in general. Before discussing the general case, we
start by addressing the case p = 2. To do this, we first remark that, for a diagonal
matrix, all the induced p-norms are equal to the maximum of the absolute value of the
entries. In [41], Sahasranand calculated this value for diagonal matrices involved in the
diagonalization of A(n,a,b) and A(n,—a,b) as in (3.4).

Lemma 3.1. Let a,b > 0, and let A = A(n,=*a,b) be given by (2.1). Let
W, AW be the diagonalization of A as in (3.4) and assume that 1 < p < co.

(i) If A= A(n,a,b) = W, AW}, then we have

[Allp—p = a+(n = 1)b.
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(is) If A= A(n,—a,b) = W, AW, then we have

a+b, if (n —2)b < 2a,

[Allp—p =
b —a+(n—1b,  if (n—2)b>2a.

Proof. By (3.4), the matrix A can be expressed as
A = W, AW},
where A is a diagonal matrix whose entries on the main diagonal are given by
A1 = Pa(l) = a+(n—1)b
and, for k =2,....n,

Apr = PalwE™)
= a4 bwF 4 b2 4 (DD

The last equality results from the application of the following well-known identity (see
[35, § 3, Ex. 3]),

-1 .

- , n, if s=0 mod n,
js

=0 0, otherwise.

The result follows by calculating

A
ALy = sup{ bl o2 0}

= sup — 7 x#0
(3 lawl)
k=1
= g, e
for 1 < p < o0, first for A(n,a,b) and then for A(n,—a,b). O

As in [41], we now use the previous lemma to derive an exact expression for
|A(n,a,b)||2—2 and ||A(n, —a,b)||2—2 for a,b > 0. In doing so, we obtain an alter-
native proof of the result presented in [8].
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Theorem 3.2. Let a,b > 0.
(i) For A = A(n,a,b) defined as in (2.1), we have

|All22 = a+ (n—1)b.

(ii) For A= A(n,—a,b) defined as in (2.1), we have

Q
+
o
e';
£}

|
>
=Y
IA

2a,
—a+ (n—1)b, if (n—2)b > 2a.
Proof. Let W, AW} be the diagonalization of A(n,=+a,b) as in (3.4). We have
[Allzm2 = [[WaAWill2m2 < [[Wallzsz - [[All2—2 - [[Wyll2—2-
Observe that
(W*z||3 = W*z)*W*z = 2*WW*z = z*z = ||z||3.

From this relation — which bears the name of Parseval’s identity — we deduce that

|W*||2—2 = 1, and the same goes for W. The first part of Lemma 3.1 implies that
(3.5) [A(n, a,b)llaw2 < a+ (n—1)b,

while the second part entails that

(3.6) |A(n, —a,b)|l2—2 < a+b

if (n —2)b < 2a, and

(3.7) |A(n, —a,b)|la2 < —a+ (n—1)b

if (n —2)b > 2a.

One can easily check that x = (1,1,...,1)T is actually a maximizing vector for
(3.5) and (3.7), i.e., that we can replace > by the equal sign in these equations. As for
the inequality in (3.6), it suffices to consider the vector y = (1, —1,0,...,0)T to see that
it too is saturated. U

We shall now present a generalization of the case A(3, —a,b).

Proposition 3.3.  If A = circ(ay, o, a3) for arbitrary aq, s, a3 € R, then

Va? + a2+ a2 — (vas + asaz + azar), if aras + azaz + azag <0,
|All22 =
loy + ag + asl, if aras + asas + azaq > 0.
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Note that the special case b = as = a3 > 0 and —a = a3 < 0 yields the case
A(3,—a,b). The proof of Proposition 3.3 is omitted since we shall now state and prove
a more general theorem, presented in [8], that subsumes both previous results and that
conceptually explains why there are two cases that arise in calculations.

Theorem 3.4.  Suppose A = [c1|ca| - - - |cn] € R"™™ is an arbitrary matriz whose
columns ci,...,c, € R™ satisfy
ey = ... =cle, = p, cle; =6, 1<i<j<n),

for some scalars p, B € R. Then

Vp_ﬁ7 ZfBSO,
p+(n—13  ifB=0.

[All2—2 =

Proof. 1t is well-known that the square of the induced 2-norm (also called the
spectral norm) of any real n x n matrix A is precisely the largest eigenvalue of the
symmetric matrix ATA. Then, under the above-stated hypotheses,

p BB B
BppB-p
BB p--

ATA = - B = (p—B)I+PK,

BBB-p
where I is the n x n identity matrix and K is the n x n all-ones matrix (i.e., the matrix
where every element is equal to 1). The eigenvalues of the positive semidefinite matrix

ATA = (p— B)] + BK are p — 8 (with multiplicity of n — 1) and p + (n — 1)8 (with
multiplicity 1). Taking their maximum and then its square root, the result follows. O

Note that Theorem 3.2.(ii) corresponds to the case
p = a*+ -1 and B = —2ab+ (n—2)V?,
whereas Proposition 3.3 corresponds to the case n = 3, and
p = al+ai+ai and B = aja + azaz + asa,
of Theorem 3.4.

§3.4. The p-norm of A(n,a,b)

In [8, Theorem 3.2, it was shown that if a,b > 0, then for all 1 < p < oo,
|Allp—p = a+ (n — 1)b. Here, we present a short proof taken from [41].
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Theorem 3.5. Let a,b > 0, and let A = A(n,a,b) be given by (2.1). Assume
1 <p<oo. Then
[Alp—p = a+(n—=1)b.

Proof. Using the vector z = (1,1,...,1)T, we see that
|A(n, a,b)x|,

]l

|A(n,a,b)|pmp > = a+ (n—1)b.

This implies that, in order to prove the result, it suffices to show that z = (1,1,...,1)7T
is actually a maximizing vector.
We have seen that

[Allcomsoo = at(n=1)b = [|All2-2.

Now, by applying the Riesz—Thorin interpolation theorem [37, Theorem 1.1.1] with
Po=qo =2, p1 = q1 = o0 and py = ¢y, we obtain,

(3.8) 1Allps—po < IAIS2NANS o0

for (with a mild abuse of notation)

1 1-60 0 1-6

= gt = 5 (0s8sy
Hence,
[Allps—ps < lAllcsoo = a+ (n—1)b,
for 2 < pg < o0. Since A is self-adjoint, the result also follows for 1 < p < 2. O

Using similar arguments as in the proof of Theorem 3.5, one can show that
H CiI'C(Oéo, 1y 7an—1)||p—>p < aptag+---+ Qn—1,

where a;; > 0. Then, considering again the same maximizing vector x = (1,1,...,1)T,
one concludes that

| circ(ag, a1, -y Qn—1)|lpsp = o+ a1+ + ap_1.

§3.5. The p-norm of A(n,—a,b)

It turns out that the calculations of the induced p-norms of A(n, —a,b) with a,b > 0
are more involved than those of A(n,a,b). In fact, to the best of our knowledge, the
exact value of ||A(n, —a,b)||p—p for 1 < p < 0o, p # 2 is not known yet. Note however
that lower bounds were provided in [8] as well as the two different set of upper bounds
that we shall now present.
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Theorem 3.6. Let a,b >0, and let A = A(n,—a,b) be given by (2.1). Assume
1 <p<oo. Then

1_

11
lAlpsp < b2l Al
Proof.  We follow [41]. Because A is self-adjoint, we will assume without any loss

of generality that 2 < p < co. Recall that for vectors in C”, we have

|z||2 = T = z*z.

Moreover, for 1 < r < p,
11
(3.9) [zl < llzllr < n777 ||z,

Both inequalities will prove useful in the special case 2 =r < p.
For = # 0, the essential representation (3.4) implies that

[Azll, < [[Az[|s

= |[Wo AW, x|
< Whallase - [[Alleme - [[Who|l2-

By the Parseval’s identity and that ||V, |22 = 1, we deduce that

1_ 1
[Azllp < [[Al2wz - flzlla < [[Allawz -n2 77 2]l

whereby
11
[Allp—p < n277[[All2—2.

The desired result now follows from Lemma 3.1. O

Using once again the Riesz-Thorin interpolation theorem, it is possible to obtain

another set of upper bounds for |A(n, —a, b)|p—p-

Theorem 3.7.  Let a,b >0, and let A = A(n, —a,b) be given by (2.1). Assume
1 <p<o0. Then

Alloos o 151
lAlpop < [All2ose (”’#) .
| All2—2

Proof. For 2 < p < oo, it suffices to interpolate between between ||A|2—2 and
| Allco—o00- As in the proof of Theorem 3.5, fix pg = qo = 2, p1 = q1 = o0, and g9 = pp
to obtain

(3.10) 1Allpo—spo < IAIZZ2N AN o0
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for (with a mild abuse of notation)

1 1-0

N
~ = — <9 <1).
- 5 T 5 (0=<6<1)

Remark that 6 =1 — p%. Hence (3.10) can be restated as
2

2 1— 2
HAHpe—>P9 < ”AH59—>2HAHOO£%O, (2 <pg < OO)

Since A is self-adjoint, the result follows for 1 < p < 2 with a bit of simplification. [J

— Upper bound from Theorem 3.6 ] — Upper bound from Theorem 3.6
4 Upper bound from Theorem 3.7 4 Upper bound from Theorem 3.7
*HAH2~2 *HAH2~2

0 1 2 3 4 5 6 0 1 2 3 4 5 6

(a)n=>5,a=2and b= (b) n =23, a=0.1 and b = 0.05.

Figure 1: Upper and lower bounds of ||A||,—, for different values of n,a, b.

Even though the estimations provided in Theorem 3.7 are more complex than those
given in Theorem 3.6, they are more accurate. In fact, when n is small, the difference
between the two estimations is marginal. However, as n grows, the first estimation
becomes significantly better than the latter (see Figure 1, where the parameters a,b
have been normalized so that ||A|l2—2 = 1). Note, however, that neither of them
provide the precise value of ||A(n, —a, )| p—p-

Open question 3.8.  Ewvaluate ||A(n, —a,b)||p—p-

Using similar arguments as in the proof of Theorem 3.7, Sahasranand [41, Theorem
6] showed the following.

Theorem 3.9. Let a,b > 0, and let A = A(n,—a,b) be given by (2.1). For
1 < p <2, ||A]lp=p is monotonically non-increasing in p, whereas for 2 < p < oo,

|A||p—p is monotonically non-decreasing in p.

Proof. Fixp>2and > 0. Let a > 0 be such that zﬁ + ]fﬁ = 1. This time,

we apply the Riesz—Thorin interpolation theorem withpg =gy =p—a,p1 =q¢1 =p+ 0
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and pg = gy to obtain

—0
(3.11) [Allpposs < TAIEZ oo 1ALy (i)

for 1 1-0 0
- = 4 , 0<6<1).
Do p—a p+p ( )

Since p — a and p +  are Holder conjugates and since A is self-adjoint, we have

| Al (p—a)=(p—a) = [|All(p+8)—(p+8) and (3.11) can be restated as

[Allp=p < [[Allp+8)=p+8):

which implies that ||A||,—p is monotonically non-decreasing in p for 2 < p < co. The
case 1 < p < 2 is dealt with similarly. O

Finally, as Sahasranand [41] pointed out, conditional upon knowing the exact value
of ||A(n, —a,b)||,—, for some r > p > 2, yet another use of Riesz—Thorin interpolation
theorem allows us to derive an upper bound || Al|,—,, that is even more precise than the
one given by Theorem 3.7.

Corollary 3.10.  Leta,b> 0, and let A = A(n,—a,b) be given by (2.1). Assume
2 <p<oo. Then, for B >0,

Nl
S =

__1
p+B

1 1 1 1
[l < IALE 1A 57 s

S =

Obviously, an analogous result holds for 1 < p < 2.

§4. An operator theoretic approach

In this section, we adopt an abstract approach to study the norm. Our setting is
general enough and in the special case of circulants, leads us to some of our previous

results as well as some new estimations.

§4.1. Axis-oriented norms

Suppose we endow C™*™ the ring of complex n x n matrices, with a norm || - ||
which satisfies

(4.1) |diag(z1, ..., 20)| = max{|z],..., |zn|}.

Recall that the spectral radius of a given matrix A € C™*™ whose eigenvalues are
Aly ...y Ay is defined as
p(A) = ma’X{|)‘1|7 S |)‘n|}
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The spectral radius, though not itself a matrix norm, is some sort of infimum over all
matrix norms, in that p(A) < ||A|| for all A € C™*™ and all matrix norm ||-||. Therefore,
a norm satisfying (4.1) is optimal for all diagonal matrices.

Matrix norms induced by a vector norm verifying (4.1) were said to be azis-oriented
by Bauer and Fike in [3]. As it turns out, using the following equivalence relations (see
[4, Theorems 2 and 3]), one can easily verify that axis-orientedness is not an uncommon
property of induced matrix norms.

Theorem 4.1. Letn > 2, and let || - || be a vector norm on C™. The following
are equivalent.

(i) The matriz norm induced by || - || satisfies (4.1).

(it) The vector norm ||-|| is absolute, i.e., ||z]| = |||z for all x € C™, where || denote
the vector the components of which are the moduli of the components of x.

(iii) The vector norm || - || is monotonic, i.e., ||z|] < ||y|| whenever |z;| < |y;| for all
1 <7 <n.

One can easily verify from their definition that the p-norms (1 < p < o) are
absolute. Therefore, their respective induced matrix norms satisfy (4.1).

The extension of the concept of axis-orientedness to all matrix norms (that is, even
to the matrix norms that are not induced by any vector norm) and to vector norms on
C™*™ is a natural step forward since there are vector norms and non-induced matrix

norms satisfying (4.1). Consider for instance the element-wise (vector) norm

| Allmax = 123.};71 |aij|v

which is not sub-multiplicative and thus not a matrix norm, or the sub-multiplicatives
matrix norms

HAHmaX{p,q} = maX{||A||p—>p7 ||A||q—>q}7 (1 <p,g< 00, p 7£ Q)v

which are not minimal, hence non-induced (see [23, Theorem 5.6.32]).

§4.2. The x-algebra Ty
Let P denote the set of all analytic polynomials in two independent variables, i.e.,
N
p(z,w) = Z A 2" W™
m,n=0

Note that, being in the world of commutative polynomial, there is no difference between
zw and wz. Hence, for an arbitrary polynomial p, the combination p(A, B) will be
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meaningful if the matrices A and B commute. In particular, p(A, A*) makes sense
whenever A is normal, i.e., AA* = A*A.
Given a normal matrix A, let T4 be the x-algebra generated by A, i.e.,

Ta = {p(A,A") :pe P}

We may even generalize the above definition by considering the functions f(z,w) which
are defined at least on the set o(A) x o(A). However, we stick to polynomials to make
the presentation free of some technical difficulties.

By the Spectral Theorem for normal matrices [23, Theorem 2.5.3], there exists
a unitary matrix U such that A = UAU*, where A = diag(\1,...,\,) is the diagonal
matrix whose entries are the eigenvalues of A. Therefore, an easy algebraic computation

shows
(4.2) p(A,A*) = Up(A,A*)U* = Udiag(p(A1, A1);- - p(An, An)) U™

In subsequent subsections, we seek to calculate (or, failing that, estimate) the value of

Ip(A, A*)||, where || - || is some axis-oriented matrix norm.

§4.3. Unitarily invariant norms

A norm || - || on C™"*™ is called unitarily invariant if
X = XUl = [IX]

for all X € C™*™ and all unitary matrices U € C™*™. Important examples of unitarily
invariant norms include the spectral norm ||A|| = /p(A*A), the Frobenius norm

n o n 1/2
JAlr = (ZD% ) ,

i=1 j=1

and the Schatten p-norms

n 1/p
Mis = o) & ldls, = (Sol) . asp<oo)
where o;’s designate the singular values of A € C™*™.

One needs only look to the Frobenius norm to see that not all unitarily invariant
norms on C™*™ satisfy the condition (4.1). In fact, it is not difficult to verify that the
spectral norm is the only unitarily invariant norm on C"*" that is axis-oriented. By
the singular value decomposition theorem [23, Theorem 2.6.3], for all A € C"*™, there
are unitary matrices U,V € C"*" such that A = UXV™*, where ¥ = diag(oy,...,04,)
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is a diagonal matrix whose entries are the singular values of A listed in non-increasing

order. Hence, if || - || is a unitarily invariant norm satisfying (4.1), then
[A] = [lUXVT = [[Z]] = [|diag(ay, ..., on) [ = max{[ou], ..., |on[} = 01 = [[A]l22-
The following result is an immediate consequence of (4.2) and the assumption (4.1).

Proposition 4.2.  For all normal matrix A € C"*"™ and all polynomial in two
variables p,

lp(A, A%)ll2w2 = max {[p(A, A1)l,- ., [p(An, An)l}-

§4.4. More general norms

If || - || is not unitarily invariant, then some upper and lower estimates come into
play. A given matrix U acts as an operator on C"*" by left or right multiplication.

Hence, we naturally consider the left operator norm induced by || - ||

UX
(4.3) WU|le = sup{w X eC™ X #£ 0},

and the right operator norm induced by || - ||

XU
(4.4) U := sup{w X eC™ X # 0}.

In other words, |U||; and ||U||, are respectively the best constant such that

(4.5) 10X < [[U]le]|X]], X ecCcm,
and
(4.6) |xXul < |[uj.|1x|,  Xec .

If U is a unitary matrix, we can replace U by U* in the above inequalities and
obtain the corresponding bounds for U*. Then, depending on the case, replacing X by
UX or XU, we obtain the lower bounds

1

(1) UX]| > ———|X], X ecmn,
1Tl

and

1
(4.8) | XU| > WHXH, X eCcmm,

In the important case where || - || is submultiplicative, we have ||A||, < [|A]| and

|All» < |JA|| for every A € C™"*™. The reverse inequalities trivially hold if || - || satisfies

|I|| = 1. From these observations, we can deduce the following result.
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Proposition 4.3.  If || - || is a matriz norm on C™*™ satisfying ||I|| = 1, then
the left operator norm and the right operator norm coincide with the norm itself.

Although there is a vast class of norms for which || -|l¢ = - ||+ = || - ||, and chief
among them will be the induced matrix norms, this equivalence does not always occur.
One only needs to took at the left and right operator norms induced by the Frobenius

norm. For the identity matrix I, for instance, we have

Hlle = 1ll- =1 < Vn=|I|p.

It should furthermore be noted that if || X|| = [|X*|| for all X € C"*™, then
WUlle = |[U*|| and [[U*||¢e = ||U||,. And if || - || is a unitarily invariant norm, then
clearly [T = [U]l, = 1.

Equipped with these estimations, we may derive a result analogous to Proposition
4.2 that equally holds for unitarily invariant and non-unitarily invariant norms. The
price to pay for having greater generality is that we no longer have an exact expression
for ||p(A, A*)||, but rather some lower and upper bounds.

Proposition 4.4.  Let || - | be a norm on C*"*™ which satisfies (4.1) and let
A € C"™ be a normal matrix which admits the decomposition Udiag()\l, ceey )\n)U*.
Then
(A A < (U] U* s masx { O, 3 o 3]}

and
1

p(A A > ——
I 290 = T

max{|p()\1,)\_1)], T |p<)\n7)\_n)‘}

Proof. The proof is based on a judicious use of estimations developed above. First,
by (4.2),

p(A, A*) = Up(A,A")U = Udiag(p(A1, A1), ...,p(An, An)) U™
Then by (4.5) (applied for U) and (4.6) (applied for U*), we obtain
Ip(A, AN < (UlT™ [l Idiag (p(A1, A1), - - (A An)) -
The result now follows upon using (4.1). The other part is proved similarly. U

Note that the decomposition A = Udiag()\l, cee )\n)U * is not unique, and some
decomposition may lead to more precise estimations than others in Proposition 4.4.
It is easily verified that these estimations are sharp in general since we can replace
both inequalities by an equality when || - || is the spectral norm (see Proposition 4.2).
Moreover, it is trivial to show that both estimations becomes an equality if A is a
diagonal matrix. However, it is unknown in general when it is possible to replace the
inequalities of Proposition 4.4 by equalities.
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Open question 4.5.  Characterize the cases of equality in both estimations of
Proposition 4.4.

Remark. In (4.3) and (4.4), we defined ||U||¢ and ||U]||, as

p{M:XE(C”X",X#O}, & sup{M:XGC”X”,X#O},
Xl Xl

respectively. These definitions were deemed natural, since we considered the matrix
U acting as an operator on C™*™ by left or right multiplication. We then restricted
ourselves to the cases where U is a unitary matrix. With this assumption, it is in many
ways more natural to view U as an operator acting on the unitary group U(n), i.e., the
group of n X n unitary matrices. The associated norms would thus be

[;UX]|
NU|lex = sup{— X el,
X

and

| XU
WU |lre = sup{—:XGUn .
X

Of course, these norms are not appropriate for our study and they do not help us obtain
a better result than Proposition 4.4. Nonetheless, we propose the following question
which is interesting in its own right.

Open question 4.6.  Find necessary and sufficient conditions such that ||U|| ¢ =
Ul

§4.5. Application to circulant matrices

With the help of the tools presented in the previous subsections, we now turn our
attention to the circulant matrices. Let A be an arbitrary circulant matrix and recall
the fundamental representation (3.4) of A, i.e.,

A = W,diag(Pa(1),Palwn), Pa(wy), ..., Palwn™h) Wy,

where W, is the adjoint of the Discrete Fourier Transform matrix and P4 is the asso-

ciated polynomial of A. Then, by Proposition 4.4,

IA] = [[Pa(Cu)ll

IN

IWalle Wl max {|Pa(1)],...., [Palwr ™I},

and
1

Al = PA Cn D T TRNTE T
1A= WPACN 2 T,

max {|77A(1)], e \PA(wZ_l)]}.
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In particular, if the norm is unitarily invariant (i.e., if it is the spectral norm) then

(4.9) [All22 = max {[Pa(D)],....[Palwy ™I},

which corresponds to a special case of Proposition 4.2. More generally, if the matrix
norm is the induced p-norm, then Proposition 4.3 reveals that the above estimations

reduce to
(4.10) 1ALy < [Wallpsp[Wally g max [Pa(eh)]
and

1 k
(4.11) [Allp—p > max |Pa(wy,)l-

”Wn”p—mHWan—m 1<k<n

It is not immediately clear how precise these estimations are and naturally wonders
if they are sharper than those presented in Theorem 3.7, in the particular case where A =
A(n,—a,b). To answer this question, we first need to compute the value of ||W,|p—p-

Lemma 4.7.  Let W, be defined as in (3.3) and assume that 1 < p < co. Then

Wallp—p = [[Wallp—p = nlt/P=1/2l,

Proof. Let us suppose that 1 < p < 2. Since W,, is unitary, we have

1

(4.12) [Wazl, < nr 2 |Wezlls = nv 2jzlls < nv 2|z,

It thus follows that |[W,||,—, < nt/P~1/2,

Considering the vector x = (1,0,...,0)T, we have
p Zr-l_l Z@_lxw_ij : n—1 4p
HanHp _ i=0 j=0 Tj _ Yoo 11 _on i
[E3[ np/2 Z?:_ol |z |? np/2 np/2 ’

Hence, we conclude ||W,||,—, = n!/P~1/2. The same method can then be used to show
that ||W)|,—p = nv»~2. Therefore, the conclusion follows after a bit of simplification
by noticing that

HW;HP—W = HWan—>q & HWan—>p = HW;Hq—W
where ¢ denote the H H. 1der conjugate of p. O
Remark.  Let ¢, and C), be the the best constants such that

(4.13) ollelly < Uzl < Cplllly,
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where U varies over all unitary matrices and x € C". It is not difficult to show that we
have ¢,Cp, = 1. Also, observe that (4.12) and its analog for 2 < p < oo are also valid
for any unitary matrix U. In particular, we have

Uz, < a5z,

for any n x n unitary matrix U and = € C". Moreover, we have shown in the previous
proof that there exist some x € C" such that ||W,,z||, = n!'/P=/2l||z||,. Therefore, we
cannot replace n/'/P=1/2l by a smaller constant in the inequality ||Uz||, < C,|z||, and
thus, we have shown that C, = nlt/P=1/2 = et

Now, we know from (4.9) that maxj<g<y, [Pa(wk)| = [|All2—2 and Lemma 4.7
ensures that ||W, ||, = n/'/P=1/2l. Therefore, we see that (4.10) and (4.11) become

_lz2_ 2_
n Aoz < Alloy < nlE Al
Compare this to the upper bound
14
[Allpsp < nl7721[[All22.

of Theorem 3.6. While the form is obviously very similar, it is interesting to note that
their derivation was quite different. In fact, it is an easy exercise to show that for
every p € [1, 0], the latter (i.e., the upper bound obtained by interpolation) is sharper.
Hence, the new approach detailed in this section, despite being novel and general, does
not improve the previous estimations of the induced p-norm of A = A(n,—a,b) for
a,b>0.

As for the lower bound, remark that since the induced p-norm is a matrix norm,
we have p(A) < ||Al|p—p for every A € C"*™. Moreover, notice that the |Pa(wk)|’s are
in fact the eigenvalues of A. Thus, it follows that

-13-1 — p 31 B = pol3
n e Allase = 7l max [Pawn)] = n72Hp(A).
Hence, we easily see that the lower bound is not sharp, except if n_|%_% =1. As

n > 2, this only happens if p = 2.

§ 5. An optimization-oriented approach

In this section, we discuss some of our partial findings relative to the Open ques-
tion 3.8: Is it possible to provide a simple closed formula for ||A(n,—a,b)|,—p? Here,
we adopt a more direct approach using essentially tools from elementary calculus. Ac-
cordingly, the results obtained are more limited in scope, and their proofs are quite
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technical in nature. Although, once more, we derive some results that cover a wide
scope, the key difference is that we eventually focus our attention on the particular case
of [|A(n, —a,b)llpsp-

§5.1. A more precise lower bound

We begin with the following proposition, which provides a more refined lower bound
for ||[A(n, —a,b)|p—p. This estimate will be used later on.

Proposition 5.1.  Let a,b > 0, and let A = A(n,—a,b) be given by (2.1). As-
sume 1 < p < oo. Then

a+b(n—1)Tr p—l—(n—l)ﬁ

a—i—b((n—l)l’%l—n—F?)‘p

1+ (n—1)T7

A5, =

In particular, we also have
[Allp—p = a+b,

with equality if and only if either n = 2, or (n — 2)b < 2a and p = 2.
Proof. Fixn:=n—1and p:= ﬁ. Consider the vector z = (—n”,1,1,...,1)T.
A simple computation gives

1Az5 o+t "+ 0P la+ b —n+ D))"
(e L4n=r

Y

proving the first part of the statement. Now, let f(z) := |2|P and let ¢ := (1 + n_p)_l.

Then we can rewrite the above equation as

|Az|[) 1—p o
= tf(a+bn' ")+ (L —t)f(a+b(n’ —n+1)).

[Edi

Hence, the convexity of f ensures us that

Hﬁg ft(a+bm =)+ (1 —1t)(a+b(n” —n+1)))
= fla+ot(n"+1)(n—n")+b(n® —n+1))
= fla+b(n—n")+b(n"—n+1))
= f(a+b)
= (a+b)P

It follows that ||A||,—p > a + b. Moreover, since f is never linear, the inequality is in
fact an equality if and only if a + bn' =" = a + b(n” —n + 1). This occurs if and only
if (n”4+1)(n'=?—=1) =0, if and only if n = 2 or p = 2. It is trivial to verify that
|Allp—»p = @+ b for every p € [1,00] if n = 2 and we know from Theorem 3.2 that
|Alj2—2 = a + b if and only if (n — 2)b < 2a. This concludes the proof. O
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Remark.  1f p tends to 1 (resp. to oo), then the inequality given in Proposition
5.1 becomes a + (n — 1)b, which is precisely the value of ||Al|1-1 (resp. of || A|cooo)-

As usual, let a,b > 0, and let A = A(n, —a,b) be given by (2.1). The maximizing

real vectors of ”ﬁgﬂl” are the vectors x for which
|Az||,
= || Allp—p-
|| rr

As a direct application to the previous proposition, we obtain the following result. This

corollary will be used in the following section, which provides further details on the

f ||A$||p

maximizing real vectors o IS
p

Corollary 5.2. Leta,b>0, and let A = A(n,—a,b) be given by (2.1). Assume
that x € R™ is a maximizing real vector for ”[&T&” which satisfies x1 + -+ + x, = 0.

Then either n =2, or (n —2)b < 2a and p = 2.

Az |,
zlp

, we find ||Al|,—p = a + b. Proposition 5.1

Proof. Ifx1+---+x, =0, adirect computation reveals that

Azl
NIl

then ensures that this occurs if and only if either n =2, or (n—2)b <2cand p=2. O

= a+b. Hence,

since x is a maximizing real vector for

§ 5.2. The maximizing vectors for

Let a,b > 0, and let A = A(n,—a,b) be given by (2.1). We now focus on the
Az ||
P
p = 2 and (n — 2)b < 2a, the maximizing real unit vectors are those whose entries

verify 1 + x5 + - -+ + x, = 0. Whereas in the case where p = 2 but (n — 2)b > 2a, the

maximizing real vectors for

. It is proved in [8] that, in the particular case where

maximizing real unit vectors are z = :l:\/Lﬁ(l7 1,...,1)T.
Finding the maximizing real unit vectors for ”ﬁ:ﬂ”” when 1 < p < oo and p # 2
p

is a daunting task. However, in what follows, we show that the entries of a given
maximizing real vector always form a set of cardinality at most three. The proof of this
result is somewhat convoluted. Prior to presenting a detailed demonstration, we need
to establish the following two technical lemmas.

We also need to define z/P! := sgn(z)|z|P = z|z[P~!, which is the derivative of
ﬁ]aj\p“ when 1 < p < 0.

Lemma 5.3. Assume 1 < p < 0o. Let a,b,c1,co,d € R, and consider the real-
valued function

flx) = a,(C]_.fL'—Cz)[p_l] — balP~H 4 4.

Then either f is identically zero or it has at most three distinct roots.
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Proof. Suppose that f is not identically zero. A computation reveals that

f@) = =1 (aci ez — o~ = bla ™).

If abc; <0, then f’ is either always non-negative or always non-positive. In the special
case where f/ = 0, we find that f has no roots since f #Z 0. Otherwise, f is either
strictly increasing or strictly decreasing, and thus f has exactly one root.

If abe; > 0, then f’ changes sign precisely at the following two points:

_1_ _1_
e L ()
(357 e 1 (557 e -1

Hence, f is decreasing on (—oo, min{z1, z2}), increasing on (min{z, z2}, max{x1,x2})

Ir1T =

and decreasing on (max{x1,x3},00), or vice versa. It follows immediately that f has
at most three distinct roots, as stated. Ol

Lemma 5.4. Leta,b > 0, with at least one of them non-zero. Let A = A(n,—a,b)
be given by (2.1). Suppose n > 2. Assume 1 < p < oo. If x € R™ is a maximizing real

vector for ”ﬁiﬁ”p, then, for every 1 < j,k,l <mn,
/2

(5.1) (w[P—l] _w[P—l})(ng—ll _x[p—ll) _ (w,[f_l] _ [p—l])( [p—1] x[p—u)

k j l w; L j

where w; = (a4 b)x; —b(xy +z2 + - + x4).

Proof. We have

[Alp—p, = sup [[Az|

[zllp=1

= sup Z|a+b i — by + -+ x,)|P

llzllp=1 =1
= sup EI%V
lzllp=1%=1

Since the unit circle is compact, we can define the Lagrange multiplier

L(z,A) = [|Az[p = A (=]} — 1)
and since for 1 < p < oo, the derivative of |z|P exist everywhere, we find that the
maximum of || Az||% on the set of unit vectors is obtained if and only if we have 9% =0
and gfk =0, for every k € {1,2,...,n}. It is then easily verified that we have gi =

if and only if

(5.2) (a+b)w [p Y wa[p U _ argffl].



ON THE NORM OF NORMAL MATRICES 209

Now, if any two of z;,x; and xj are equal (1 < j,k,l < n) equation (5.1) is directly
satisfied. Otherwise, choose any j, k, [ such that x; # x) # x;. Subtracting the equation
(5.2) associated with the coefficient j (resp. ) to the one associated with the coefficient
k and simplifying, we get

wl[cp—ll . wgp—l] B A\ N wl{cp—ll . wl[p—ll B A
P glp a+b A a+b

Note that we can safely divide by a+b since a,b > 0, with at least one of them non-zero.
Hence, equalling the left hand side of both equations and simplifying yield

(ol ) = (o) o )

and we are done. U
We now have everything in hand to demonstrate that the following holds true.

Proposition 5.5. Let a,b > 0, with at least one of them non-zero. Let A =

A(n,—a,b) be given by (2.1). Suppose n > 2. Assume 1 < p < oo, with p # 2. If

. o A .
xr € R™ is a maximizing real vector for ”H;ﬂ””, then the entries of x form a set of
p

cardinality at most three.

Proof. Suppose without any loss of generality, even if it means rearranging the
coefficients of x, that x; # x5 and for simplicity, define p := p — 1. Then Lemma 5.4
ensures us that

(wl[f] . wgp]) (ng] . x[Qp]) _ (wl[f] . wgp]) (fo} . 1'[1p])

for any k, where w; = (a+b)z; —b(x1+x2+---+x,). Since n > 2 and p # 2, Corollary
5.2 ensures us that x1 +-- -+, # 0. Hence, we can define y; := z;/(x1 + -+ z,) and
zi == w;/(x1+ -+ x,) = (a+b)y; —b. A simple division by 1 + -+ + x,, # 0 then
allows us to show that

A O k) = AP ), sk

This can be rewritten using the function
(5.3)  f(z) = (yép] B ygp]) ((a + bz — b)[p] + (ng] . Zg)])x[p] + (ygp}zép} . ygplzgp])

as f(yr) = 0 for every 1 < k < n. Now, let a := y; and f := y,. An application of
Lemma 5.3 reveals that the function f has at most three distinct roots. Moreover, we
easily verify that f(a) = f(8) = 0. Therefore, the roots of f are a,  and possibly
another value, call it 7. Since f(yx) = 0 for every 1 < k < n, it follows that for any
1 < k < n, we either have y, = a, 5 or 7. Hence, y; can take at most three distinct
values and thus, z; can also take at most three distinct values. O
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Remark.  Note that, even though the proof given in the previous proposition does
not apply for p = 1,2, 00, it is not actually a problem since the norm of A for all of
these values are known and are almost trivial problems. Moreover, in all of these cases
(with the exception of p = 2 and (n — 2)b < 2a), the entries of the maximizing vectors
actually only have at most two distinct values.

1Azl , then Proposition 5.5 tells us that x has at

[E3
most three distinct coefficients. Suppose that = does indeed have exactly three distinct

If z is a maximizing real vector for

coefficient and define once again y; := x;/(z1+---+x,) and z; := w;/(z1+ -+ 2,) =
((a + b)y; — b). Moreover, assume that two of the three distinct coefficients of y are «,
occurring m times, and [, occurring k times. Then the third distinct coefficient of v,
say 7, is precisely the unique root of f which is not equal to « or 3, where f is given by
(5.3). Moreover, by construction, the sum of the coefficients of y must be equal to 1,
i.e., they must satisfy the equation ma + kB + (n — m — k) = 1 and thus we also find
that v = % Remark that this is two completely different way of determining
the value of v. However, it is natural to assume that the two functions determining the
value of v are independent and thus that we have no reason to expect the two methods
to give the same result. This observation motivated the following conjecture, which is

strongly backed up with numerical evidence for several values of a,b,n and p.

Conjecture 5.6.  Let a,b > 0, with at least one of them non-zero. Let A =
A(n,—a,b) be given by (2.1). Assume 1 < p < oo, with p # 2. Ifx € R" is a

Azl
zllp

maximizing real vector for , then the entries of x form a set of cardinality at most

two.

§ 5.3. The special case of I — %K

Our interest in the matrices A(n,a,b) stems from other studies on the geometry of
the Birkhoff polytope and originated with the matrix I — %K which corresponds to the
matrix —A(n, =2, 1), Here, we provide a description of ||[I — L K||,_,, assuming the

validity of Conjecture 5.6. We then show that the conjecture is valid in the special case

n = 3.

Proposition 5.7.  Let 1 < p < oo, with p # 2. Let z,, be the unique root of the

function

z—s (p—1) (1 4 (- 1)#) (1—(z—1)P2) + (1 (- 1)%) (14 (z—1)P 1)

n

in the interval [1,2], and let my = LEJ and moy := Ul_ﬂ Suppose that Conjecture 5.6
18 valid. Then

3=

1 1—
(m-17"+1)

o |
/N

(G- +1)

(5.4) |7 -L1K|| = max

p—p mée{mq,mz}

e
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Proof. Let x be the maximizing real vector with coefficients «, occurring m times,
and 3, occurring (n — m) times. We know from Corollary 5.2 that the sum of the
coefficients of x cannot be 0. Hence, without any loss of generality, suppose that ma +
(n —m)B =n, ie., that 8 = =" In this case, a direct computation reveals that

n—

(1 — %K)xﬂg B m(a—1)P 4+ (n—m) <%>p

x| o o p
|| ||p map+(n—m) <%>

= fm(a).

Taking the derivative relative to o, we get

(5.5) flla) =0 <= a= n(n—m)r? :

2—p 1

m(n—m)r—T —mv—1

and we easily verify that this critical point is, in fact, a local maximum. Putting this
value in f,,(«) and simplifying, we get

fml@) = G
Therefore,
1 p—1
G-+ 1) (G -7+t
(5.6) HI_ %an—m - énw%%{n ( )(g)p ) |

Remark that, since a and (8 are interchangeable, we can consider only the maximum
for g < m < n. Moreover, defining

—1

((33 Py 1) <(:1: _ )P 1)p

g(x) = e ,

we have that the right hand side of (5.6) correspond to maxj<m<n g(n/m). Since
5 <m < n, finding the maximum of g(n/m) is closely related to finding the maximum
of g in [1,2]. Let x, be the unique root of the function

z—s (p—1) (1 +(z— 1)ﬁ) (1—(z—1)P2) + (1 Az 1)?%’1’) (14 (z— 1))

in [1,2]. Then, an analysis of g reveal that it is increasing on [1,z,] and decreasing on
[z,,2]. Therefore, the value of m > % for which the maximum of g(n/m) is attained
must be one of the two closest values of n/m to x,. More precisely, it can be verified
that it must be either L%J or (lw O

Tp
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Figure 2: Values of x, between p =1 and p = 5.25.

Despite its complicated description, we may use various methods to obtain approx-
imations of x, and evaluate it numerically. It is also possible to show that z, varies
between 1 (when p — 1,00) and ~ 1.090776, which is the unique root of In (z — 1) — 22
in [1,2] (when p — 2). This observation alone can greatly reduce the number of cases
needed to verify in (5.6) to compute the norm of I — L K (still assuming the validity of

Conjecture 5.6), even without precisely knowing x, for every value of the parameter p.

§ 5.4. A special case of the Conjecture 5.6

We now turn our attention to proving that Conjecture 5.6 is valid in the particular

case n = 3. To do this, we first need to prove the following two technical lemmas.

2—p

Lemma 5.8.  Let J(t) := (¢t + VT_l)pfl—tp_l, wheret € (3,1] and 27=1 <y < 1.
If p > 2 is a rational number with an even numerator and an odd denominator, then
J(t) < J(1—1).

Proof. 'We have

J'(t) = (p—1) ((t + %)p_z_ tp2) :

p—2

Therefore, J'(t) < 0 if and only (t + 'YT_l) < t?=2, Because of our hypothesis on the

form of p, this inequality is satisfied if and only if |t + ”T_l‘ < |t|, which is equivalent to

L—»v
0 < — < t.
6
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Hence, since 0 < 122, we find that J(t) is strictly decreasing on (+32,1] and strictly

. . 1— . .
increasing on [0, 7). In particular, since

<
6 - 6 2’
J(t) is strictly decreasing for ¢ € (3,1]. Therefore, for each ¢ € (1,1], we have J(t) <
J(3) and min{J(3), J(0)} < J(1 —t). Now, notice that J(3) < J(0) if and only if

- p—1 . p—1
2y —2 1 B 2v —2 <1
3 3

Setting z := 222, we find that J(1/2) < J(0) if and only if

-y _1-12 1

(z+ 1Pt —2p7t <1
It is then a simple matter to show that (z + 1)?~' =27~ is increasing for every z > —1/2.
Noticing that 52 < 27—;2 < 0, we find that (z +1)?"" — z2P~! attains its maximum at

z = 0. Hence,
(z+ 1P =27t < (0P 0t = 1,

and we indeed have J(1/2) < J(0). Therefore, min{J(1/2),J(0)} = J(1/2) and we
finally find, for ¢t € (1/2,1],

J(t) < J(1/2) = min{J(1/2),J(0)} < J(1—1),
which is what we wanted to show. O
Lemma 5.9. Lett € [0,1], s = 251, € [s,1] and

(t+ 25"+ (1 —t+25)" + (H2)"
P+ (1 —t)! + 4P '

(5.7) F,(t) =
If p > 2 is a rational number with an even numerator and an odd denominator, then

9r=1 4 1) (271 + 1)7 7"
max max F,(t) = ( ) ( ) ,
s<y<10<t<1 3p

where the equality is attained only if t = %

Proof. Case 1 (y=1): If y =1, then F,(t) =1 for each t € [0, 1].
Case 2 (v # 1): Computing the derivative of F,, we find

vy (G - 5 R )
F(t) —p< 3tp+(1—t)p+7p3 — v(t)tp+(1_t)p+7p>
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By direct verification, F/(t) = 0if t = 1/2. If t # 1/2, then tP~! — (1 — £t £ 0 and
we have

- ¢ B L B (s :Ll)p_l —(-t+ :Ll)p—l
F’y(t) = ptp n (1 — t)p PV ( 3 e (1 - t)p71 3 B F,y(t)> ,

which vanishes if and only if

(125" = e )

tp_]' _ (1 _ t)p—l == F’Y(t)
We now show that we always have
¢ y=1\P~1 _ 1—¢ y=1\P~1

=1 — (1 — )P
It will then follow that if F(¢) vanishes at a point (v,t), with ¢ # 1/2, then we must
have F,(t) < 1. Therefore, by Case 1, the point (v,¢) cannot be a maximum, and we
will be able to reject these points.

First notice that by the symmetry along the z = 1/2 axis, we can suppose without
any loss of generality that 1/2 <t <1 (since we supposed that ¢ # 1/2). In that case,

both
— 1yt —1y! _
(t—f-ﬁyT) —(1—75—1—%) & tpil—(l—t)pl

are positive and thus (5.8) is equivalent to having

1Vt _1\y! ~
(5.9) (t+'yT) R (1—t+77) (-t

for 1/2 <t < 1. Now, if we define

_1\P!
J(t) = (t+L) — P,

the above inequality can be restated as J(t) < J(1—t). Lemma 5.8 then ensures us that
this inequality is satisfied and thus, (5.9) is valid and so is (5.8). Therefore, the only
points (v,t) which can give rise to a maximum of F,(t) occurs when ¢ = ;. Moreover,
it is easily verified that for a fixed v € [s,1], t = % is indeed a maximum of F,, and in
particular that F,(t) < F,(1/2) for every t € [0,3) U (3,1]. Hence, for t € [0,1] and
v # 1, we have

oy 0t B () = oo £ (172)
1, 7=1\P | (1429\P
L 2T+ ()
s<y<1 21=p 4 AP
2177 11 (1+27)° 2177 41

B R T srgnfle(ﬁy)’
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where the first equality is attained if and only if ¢t = 1/2.

Now, we have

(227 — ) 2y + 1)

H'(y) = p (217 + 7).

Since v is positive, we have H'(y) < 0 if and only if 2277 — 4P~ <0, i.e., if and only if
2
v > 251 = . Therefore, H(v) is decreasing for s < < 1 and thus,
2P 41
o g B0 = T e HO)
2P 1
= ()
3p
21=P 41 (25 + 1)
3p 21=p 4 gp
@111 @7 1)
3p ’

where the equalities are attained simultaneously only if ¢ = 1/2. Combining Case 1 and

p—1 %1 Pt
Case 2 and noticing that (2r71+1) (§: +1)

result. O

> 1 for every p € [1, 0] yield the desired

Equipped with these lemmas, we are now ready to prove that Conjecture 5.6 is true
for A = —A(3, —%, %) The proof is in three parts. First, we show that if = is a critical
point of the function ”|1|L::x|||,|,p7 then x must be of a particular form which only depends
on one parameter ¢ (up to a constant). Next, we show that if it is also a maximizing

A=l < F,(t), where F,(t) is defined as in (5.7). We then use Lemma

Il !

5.9 to prove that the maximizing real vector of

real vector, then

ﬁ;ﬂ”p must have at most two distinct
/2
coefficients, and we provide the operator p-norm of A at the same time.

Theorem 5.10. Let A = —A(S, 2 1) = I3 — %Kg, and let 1 < p < oo with

T 33
Azl

p# 2. If v € R? is a mazimizing real vector of the function T, then x has at most
/2

two distinct coefficients. Moreover,

p—1 oY= 1-5
(2Pt +1)7 (2777 4 1)

(5.10) [ Allpp = .

Proof. Suppose without loss of generality that p > 2 is a rational number with an
even numerator and an odd numerator. Let x := (z1, 22, x3)7, p = % and

I = 5 Ka)allp _ (on = w)P + (w2 = )P + (w3 — )"
e o +ay + oy ’

fx) =
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If f(x) is a maximum, then each partial derivative % vanishes. Since ||z, # 0, it is
an easy exercise to verify that this occurs if and only if
@ )P @ )P (s )P

(zj — )P~ — 3 = T f(x),

for 7 = 1,2,3. Summing these equations over each j = 1,2, 3, we get

(5.11) f@) (@ a2 2t = o

Therefore, for = to be a maximum of f, we need to have 2 4 xg_l + xg_l = 0.
Because of the hypothesis on the form of p, we can thus suppose without any loss of
generality that x5 = —(m’l’_l + xg_l)p%l,

It is obvious that z1,x2 and xz3 are not all of the same sign, otherwise we would
not have z?~' + 227! + 25~ = 0. Hence, without any loss of generality, suppose that
x1,22 > 0 and z3 < 0 (if it is not the case, rearrange the index and/or take —z instead
of x). Notice that we then have z1 4+ z2 > 0. Hence, we can furthermore suppose that
x1 +x9 =1 (take T := x/(x1 + x2) instead of ), i.e., that zo = 1 — z1. Because of the
positivity of x1, za, it follows that z; € [0, 1]. Therefore, to find the maximum of f(x),

it suffice to consider the vectors of the form
1

r = (t,l—t,—(tp_1+(1—t)p_l)F)T, (0<t<1).

For simplicity, we will write from now on (with a mild abuse of notation) f(t) instead
of f(z). Moreover, we will also denote (tP~! + (1 — t)p_l)ﬁ by I'. Note that I" attains
its maximum of 1 at ¢ = 0,1 and its minimum of s := 25t att =1 /2. Therefore, using
Lemma 5.9, we have

_ (t+ 50"+ (-t + 55"+ (H5)°
org?gxl Ht) = 012%}{1 P+ (1—t)’ +T»
(t+250)" + (1 —t+ 259" + (H2)
= 0% P+ (1—t)P + P

9r=1 1 1) (271 + 1)7 "
=: max max F,(t) = ( ) ( ) ,
s<y<10<t<1 3p

where the last equality is attained only if t = % Furthermore, we have

1/2) = @y

Hence, it follows that
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where the equality is attained only if ¢ = 1/2. Therefore, the unique (up to a constant)
||(I3_|%|I(3)w”p i
lzllp

xr = (%71_%7_((%)p—1+(1_%)p—l)m> (%7%7_3)1-7

which has at most two distinct coefficient. Moreover, we also find that

maximizing real vector of s

T

(TR I Ci bl G W

p—p 3

which correspond to the cases m = 1 and m = 2 in (5.4). Finally, since we supposed that
p > 2, we note that the result follows for 1 < p < 2 because I3 — %Kg is self-adjoint. [J

Note that an analogue of (5.11) actually holds true for any n > 1. This provides
even further evidence for the validity of Conjecture 5.6, as it gives another independent
method to determine the third value of the maximizing real vector x, given that the
first two values are known. Finally, we note that what was shown in this section cannot
readily be generalized to the case A(n, —a,b). In particular, there is not an easy way to
extend Proposition 5.7 to the general setting A(n, —a, b). This is due to the fact that we
cannot solve simply the analogue of the equation f,,(a) = 0 in (5.5) in the more general
case. Hence, to provide a complete description of the operator p-norm of A(n,—a,b)
(assuming the validity of Conjecture 5.6), we will need some stronger tools and some

new ideas.

§ 6. Concluding remarks

(i) As mentioned earlier, the particular case A = —A(n, 1_7", %) =1- %K , the norm
|Al|p—p represents the Chebyshev radius of the n-dimensional Birkhoff polytope.
But there is also another description of ||A||,—, in this special case, which is
closely related to various important measures of statistical dispersion or variability.
Indeed, observe that

n
lAz|p = |lz - 2Kz[p = >
k=1

e R
- .

T —

For p =1, we see that
4 1 ¢ _
Al = =3 fek -7,
k=1

corresponds to the mean absolute deviation from the arithmetic mean of the data

set x. For p = 2, we have that

1 n
n~ V2| Azl = EZW—E?,
k=1
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which is the standard deviation of x. Although it is less robust than the mean
absolute deviation from the arithmetic mean, the standard deviation remains the
most commonly used measure of the amount of variation or dispersion of a set of

values in various fields of application.

For p = o0,

|Az| 0o = max {|zy —Z|: k=1,...,n}

corresponds to the maximum absolute deviation from the arithmetic mean of x.
This maximum is realized either by the sample maximum or by the sample min-
imum, and it cannot be less than half the range of the data set. Being highly
influenced by outliers, the maximum absolute deviation from the arithmetic mean
is a highly non-robust estimator of dispersion that is seldom used.

For any value of p other than 1, 2 and oo, one can define the mean p-deviation
from the arithmetic mean of the vector x by

1 1 v
Al = (g;k’?k—f’p) :

Note that the greater the value of p, the heavier large deviations are weighted and
thus the more heavily outliers can influence the measure of statistical dispersion.

In light of the above considerations, the value of the norm ||Al|,—,, for some fixed
1 < p < oo represents the largest possible p-deviation of an n-dimensional vector
lying on the unit sphere of radius n'/? with respect to the p-norm.

While this interpretation fosters interest in the resolution of Open question 3.8, it
also adds weight to Conjecture 5.6.

Open question 6.1.  Does this interpretation lead to a precise formula for
|Allp—p in the special case A= —A(n, =2 L)y =1 1LK?

We encountered the following description of A(n,—a,b) which comes from har-
monic analysis. This observation provides another upper bound for ||Al|,—,. Let
P, denote the space of polynomials of degree at most n. We can write

A(n,—a,b) = —(a+b)I+ K,

where K is the n x n all-ones matrix. We may interpret K as an operator on P,,_.
More explicitly, for each polynomial f(z) = ag+a1z+--+ay,_12"" 1 € Pp_1, we
have

(Kf)(z) = (a0+a1+ -+ an-1)p(2),
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where
o(z) = 1+z4---+2"1

Note that as a consequence of this interpretation, i.e., making a correspondence
between f € P, 1 and the vector (ag,as,...,a,—1) € R™, we have

Fllp = (laol” +lasl? + -+ |an—1[")"/7.

Moreover, as another integral representation, it is also straightforward to see that

KD = o) [ 1o 2.

0 2T

Therefore, we immediately see that

Kf
1Klpop = sup 157l
T

||$0||p
sup
rePu I1flp

T Heneem 2.

0 2T

Now, on one hand, ||¢||, = n'/? and, on the other hand,

27
£ p(e®) 2
0 2T

do

2

27
20 20
< / F(€)o(e?)

27
v, dO
< 1/q 10
_/0 1 llpr ™ o(e™)] 5

= 0| fllpllellzr e,

where )
4 oo d
_ 60
el = [ leteI 5

Therefore,
[ K][p—sp < nHSDHLl(T);

which gives the upper estimate

(6.1) 4G, =a,0) sy < a+b+nbll .

In the light of Theorem 3.9, the estimation (6.1), which does not depend on p
cannot entail an accurate upper bound for ||A(n, —a,b)||,—p for a,b > 0.

Open question 6.2.  Can variations along the lines that were used to obtain
the estimation given by (6.1) lead to a precise formula for || Allp—p?
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